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Low-Complexity CRB Minimization for ISAC with
A Generalized Target Response Matrix

Shayan Zargari, Diluka Galappaththige, and Chintha Tellambura

Abstract—This paper presents a beamforming design for
integrated sensing and communication (ISAC) systems using
Riemannian manifold optimization to minimize the Cramér-Rao
bound (CRB) of a generic target response matrix (TRM) for
improving target estimation. CRB optimization is a challenging
non-convex problem involving matrix inversion and its complex
dependence on system parameters (e.g., beamforming, number of
antennas, and number of targets), resulting in high dimensional-
ity and the need to balance sensing accuracy and communication
quality. Traditional solutions to these challenges, such as relaxed
semidefinite programming (RSDP) and sequential convex cone
optimization (SCCQO), are computationally complex and have
slow convergence. Thus, we propose a Riemannian conjugate
iterative augmented Lagrangian manifold (RC-IALM) algorithm
to minimize the TRM’s CRB while ensuring communication
quality. Numerical results demonstrate its superior computational
efficiency and reduced running time. For instance, it is 33 and
12 times, respectively, faster than RSDP and SCCO benchmarks
when there are 24 transmit/receiver antennas at the base station.

Index Terms—Integrated sensing and communication, Cramér-
Rao bound, Beamforming, Manifold optimization.

I. INTRODUCTION

In radar signal processing, the target response matrix (TRM)
represents how a radar system perceives a target based on
its scattering characteristics, including reflection, absorption,
and re-radiation of transmitted signals. It is advantageous in
multiple-input multiple-output (MIMO) and synthetic aperture
radar (SAR) applications, mapping transmitter-receiver re-
sponses to enable accurate target characterization in integrated
sensing and communication (ISAC) [1], [2], [3]. The TRM
manages diverse sensing scenarios without requiring prior
channel knowledge and can be used with the Cramér-Rao
bound (CRB) for beamforming designs. The CRB provides
a lower bound on estimation error for key parameters such as
range, velocity, and angle [4].

However, designing efficient beamforming strategies for
optimizing the CRB of the TRM is challenging due to com-
putational limitations and scalability issues. Existing methods
such as relaxed semidefinite programming (RSDP) and se-
quential convex cone optimization (SCCO) suffer from high
computational complexities O(K%®NP) and O(K3°Nf?),
respectively [2], limited scalability, and slow convergence [2],
[5], [1]. These methods operate in high-dimensional Euclidean
spaces and depend on relaxation techniques, such as semidefi-
nite relaxation and rank-1 approximations, which compromise
efficiency and optimality.

A brief overview of several prior works is as follows.
Reference [2] minimizes the CRB of the TRM in MIMO ISAC
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systems while ensuring signal-to-interference-plus-noise ratio
(SINR) constraints for communication users (CUs), employing
RSDP and SCCO algorithms with Rank-1 approximation.
Reference [6] proposes a per-user controllable waveform
design for ISAC systems by leveraging a stacked-product
Riemannian manifold to maximize radar SINR under per-
user dynamic communication quality-of-service (QoS) con-
straints. However, it relies on fixed penalty weights for QoS
enforcement, limiting convergence performance and constraint
satisfaction under varying SINR requirements. Moreover, its
sensing objective, i.e., radar SINR maximization, focuses on
detection strength rather than estimation accuracy. In [7], a
unified manifold optimization (MO) framework is proposed
for pure radar systems, focusing on unimodular waveform and
filter optimization with polarimetric power allocation. While
it constructs a unified manifold space and employs a parallel
conjugate gradient method for efficient computation, it does
not address communication aspects, making it unsuitable for
ISAC applications. Consequently, these limitations reduce the
applicability of these prior works to generalized ISAC systems.

These limitations have prompted us to develop a more
efficient ISAC beamforming framework using MO as it offers
lower complexity and faster convergence rates [8], [9], [10].
MO eliminates the need for complex relaxation or approxima-
tions using adapted algorithms such as Riemannian conjugate
(RC), steepest descent (SD), and others [8], [10], [9].

This work designs BS beamforming to minimize the CRB
of TRM of a multi-CU, multi-target MIMO ISAC system
while satisfying individual SINR constraints for CUs and
transmit power budget. The objective function is augmented
with a penalty term for violations of the SINRs. The proposed
RC-iterative augmented Lagrangian manifold (IALM) algo-
rithm iteratively adjusts optimization variables and Lagrange
parameters to satisfy all constraints, unlike [6], which uses
constant penalty weights. Compared to RSDP and SCCO [2],
RC-IALM offers significantly lower computational complexity
and execution time. For example, with 24 transmit/receiver
antennas and 4 CUs, RC-IALM is 33 and 12 times faster than
SCCO and RSDP, respectively, while restricting the search
space to ~ N dimensions.

II. PRELIMINARIES

This section describes the MIMO ISAC system, channel,
and signal models.

1) System Model: A MIMO ISAC system is considered,
comprising N, transmit antennas and N, receive antennas,
serving K downlink single-antenna CUs while simultaneously
detecting targets as a monostatic radar. The BS antenna array
is a uniform linear array (ULA) with antenna spacing d.
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2) Channel Models: The sensing channel is characterized
by the TRM, denoted as T' € CV-*Nt [2], [1]. Specifically, T"
is treated as an unstructured matrix that contains information
about the target and is estimated directly from the echo
signal as an unknown variable [1]. Various sensing scenarios
correspond to distinct structures of the TRM models. The
following are two well-known models [11]:

o Extended target model: Radar detects a large object that
spans multiple angles within a single range-Doppler bin.
The TRM is expressed as I' = Zf\il a;B(0;)at(6;),
where N,. denotes the number of scatterers, «; and 6;
represent the reflection coefficient and angle of the i-th
scatterer, and «(#) and B3(0) are the transmit and receive
steering vectors, respectively [11].

e Point target model: Radar detects multiple distinct point
targets using OFDM waveforms. The TRM for the n-
th subcarrier and m-th OFDM symbol is given by
T = B(©)A,B,,a'(0), where © represents the set of
angles of scatterers. In addition, A,, and B,,, account for
phase shifts due to time delays and Doppler effects, with
Af and Torpm denoting subcarrier spacing and OFDM
symbol duration, respectively [12].

A detailed analysis of specific target models is left for future
work. Therefore, a general TRM model I' is employed in this
study to maintain broader applicability, rather than restricting
the discussion to particular target models.

The TRM T is thus modeled with i.i.d. Gaussian entries,
zero mean, and unit variance, representing a Swerling 1 or 2
target model with Gaussian complex amplitudes or multiple
Swerling-type point targets [11]. Using the central limit the-
orem (CLT), the complex path gain is Gaussian due to the
many reflecting paths between the targets and the BS [2].

The CU channel is modeled as Rayleigh fading, given as
F =[f;,...,fx]" € CK*Ne_ This channel matrix is assumed
to be perfectly estimated and known to the BS'.

3) Signal Models: The BS transmits signal X, =
WisacScom € CVe* L, which is jointly designed for CUs and
targets sensing. Here, Wi, € CVt*¥ is the dual-functional
beamformer to be designed, and Scom € CK*F contains
K unit-power data streams intended for CUs. In addition,
L > N; > K represents the length of the radar pulse or
communication frame. The data streams are presumed to be
orthogonal to each other, satisfying %Smmsgm = Ix [2].
Thus, the sample covariance matrix of X, is defined as
Cx,, = %XsigXEg = Wi WL . Upon transmitting Xy,
the reflected echo signal matrix at the BS is given by

Ysen = FXsig + ZSCI‘H (H

where Ze, € CM*L is the additive white Gaussian
noise (AWGN) with independently distributed elements, i.e.,
CN(0,02,). The same ISAC waveform Xjj, is also transmit-
ted to CUs. The received signal by the CUs is given as

Yeom = FXsig + Zcom» ()

Channel estimation and data transmission/sensing occur in two separate
time slots per coherent interval. Thus, the first slot in each coherent interval
is dedicated to channel state information (CSI) estimation [8]. Thus, CSI is
available.

where Zcom € CK*L represents AWGN, with each element

having a zero mean and variance of o2 .

III. SYSTEM PERFORMANCE AND PROBLEM
FORMULATION

This section determines system performance using the CRB
for the targets at the BS and the communication rates/SINRs
at the CUs. Then, it formulates the problem for evaluating and
optimizing the MIMO ISAC system setup.

1) CRB for Target Sensing: CRB is widely recognized
as a lower bound on the variance of unbiased estimators in
parameter estimation [13]. This work thus aims to minimize
the CRB to reduce the target estimation error.

First, let us define v = [vec (R(I)T), vec (S(I‘)T)}T,
where vec(-) is the vectorization operator. Then, we rewrite
(1) as vec (Yen) = vec(I'Xyy) + vec (Zgen) = P vec(T') +
vec(Zsen), where & = X;fig ®1Iy,, where ® is tensor product.
Given that the noise Zg, follows a Gaussian distribution, the
Fisher information matrix (FIM) for v is given by

H
(X];; = l% (tr <8(<I> V(;;(F)) s geyc (F)>> )

where tr(-) is the trace operator, R(-) denotes the real part,
[X];; denotes the (7, j)-th entry of 3, and v; is the i-th element
of v [2]. Consequently, one obtains

o | ®(Ck, oLy,) -S(ck, oLy,

Y=— ) (4)
ck,oly,) %(Ck, ®Ly,)

Ten | &
where $(+) denotes the imaginary part. Subsequently, the CRB
for each parameter is derived as the diagonal elements of the
inverse of X.

It is notable that X, € CNexL is rank-deficient. As a result,
transmitting only K signal streams leaves insufficient freedom
to fully recover the rank-N; matrix I' [2]. Furthermore, 3
becomes singular, implying the non-existence of an unbiased
estimator. Although constraining I' to a subset and utilizing
a modified CRB may address this issue, it inevitably leads
to reduced target estimation performance due to limited radar
flexibility. To ensure robust radar performance, X, is struc-
tured to maximize the available flexibility (/V;) by incorporat-
ing dedicated sensing streams in addition to the data streams
intended for the CUs [2]. These sensing streams are dedicated
solely to target sensing. The data matrix can be reexpressed
as Sisae = [Scom; Ssen] € CV*L where Sy, € CNi=K)xL
denotes the dedicated sensing streams, which are orthogonal to
Scom- Hence, for sufficiently large L, it holds that %SisaCSEac =
In,. Thus, the ISAC beamformer is redefined as Vi, =
[Weom, Wien] € CVeXNt where Weon = [wW1,...,Wk] €
CVo*E and Wy = [Wi 11, .., Wwy,] € CVexNVe=K) denote
the communication and sensing beamformers, respectively. In
this way, the transmitted signal X = VigacSisac achieves full
rank of NV;. In this ISAC signal model, the overall beamformer
Visac is employed to ensure target sensing accuracy, thereby
maintaining unbiased estimation feasibility. The initial K
columns of Vig,c, denoted as Wy, carry the information data
for the CUs. As a result, the sample covariance matrix of X,
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ie., Cx,, = VMCVlSdL is now invertible, having a full rank
of N;. The CRB for estimating I is given as follows [2]:

tr (Ciig) . ®)

2) Communication SINR: CUs decode their intended data
using the received signal from the BS. From (2), the received
SINR at the k-th CU is given by

2
= (971) = Zalt

CRB(T)

o ‘flg{vlschkF
Tk Zie/\/ ‘f VlSﬂCE' +0 com

where K2 {1,..., K}, N; 2 N\ {k}, E=1y, €
and Ej is the k-th column of E.

3) Problem Formulation: Our primary goal is to minimize
the target estimation CRB while adhering to constraints on
communication performance, i.e., minimum SINR, and maxi-
mum BS transmit power by optimizing beamformer Vig,. The
optimization problem is formulated as

, Yk € K, 6)

N¢ X N,
R t t’

Poomin o ((VieeVE) ), (7a)
st oy, >0 VE, (7b)
tr (quacvlsac) S Pmax; (7C)

where (7b) ensures the SINR required for each CU, in which
v is the intended SINR threshold for the k-th CU, and
(7c) sets the BS transmit power constraint, with a maximum
allowable transmit power of ppax.

IV. PROPOSED SOLUTION

Non-convex optimization problem P is solved using MO
to determine the optimal BS beamforming. First, the power
constraint is normalized to ensure tr (V,sachac) < 1. Next,
a modified matrix VMC is introduced, satisfying the con-

dition tr(VlstVML) = tr(VlstVde) + ||z||3 = 1, where
Vo = [Wh,2,]T forn € My £ {1,...,N;}. Here, z =

[21,...,2nN,] 18 an auxiliary vector introduced to simplify
power normalization while preserving constraint (7c). This
normalization results in a complex sphere manifold, defined
as M = {Vige € COHDXNe | r(Vi VI Y = 1}, Conse-
quently, P can be transformed into a constrained optimization
problem on the manifold M given by

~ ~ ~ —1
P;: min g(VisaC) =tr <(Visacvil;lac) ) , (8a)
Visac €M
< i\.I—I-V-lb(:lCE 2
5.t Vr(Viae) =7 — i d <0,Vk,
Zze/\/ |f VmacE| +0 com
(8b)

where fi = \/Pmax(fr; 0] € CN+1X1 js adjusted to match
the problem’s dimensionality and scaling. In the Riemannian
manifold M, the functions g(VisaC) and Y (Vise) are con-
tinuously differentiable from M to R. However, problem P
includes constraints (8b), which extends beyond the manifold
limits. Fortunately, these constraints can be incorporated into
the objective function as a penalty term by invoking the

augmented Lagrangian model (ALM) [9]. Thus, the resulting
Lagrangian function is given as

. . e 2
jp(Visam A) = g(Visac Z max {O — + Tk(\/vlsac)} s
kE)C
9)
where p > 0 is a penalty parameter, and A = [\, ..., Ax]T =

0 € REXL is the vector of Lagrange parameters [8], [9].
The ALM optimizes Viwe for a given A by using the MO
approach and updates A with a gradient-based rule [14]. To
apply ALM to Riemannian manifolds, the decision variable
Vigac 18 constramed to a manifold M. This constraint ensures
that J,(Visac, A) remains differentiable with respect to Visacs
allowing the ALM framework to be directly applied within the
Riemannian context.

1) Beamformer Design: Optimization of (9) on the mani-
fold M involves the following main steps [9], [8]:

The orthogonal projection
gradient Vg J, (Visac, A)

tangent space T, (t)M Is given by

gradv(f)jp(vlsamk) = ; (t)jp( isac ) -
Vl(stacé}?{( lsac)HvV(t)jp( 1sa)c7 A)}’

where

TowM = {e e COTN | Rit((V)He)} = 0}.

Helrsé: grad is gradient on a manifold, and V indicates

Euclidean space gradient. Consequently, the Euclidean

gradient of the objective function (9) is expressed by
(10), where 1y,y is 1 if x > 0 and 0 otherwise.

e Search direction and mapping: Extending the Euclidean

gradient method, MO uses search direction n(tt?) =

—gradg oo Jp(Visae: A) -+ ﬁ()TVm g (),

isac isac

where n(‘t) is the current search direction and B® s
computed using the Hestenes-Stiefel approach [15].
Since 7 and n(**1 lie in different tangent spaces
Ty m/\/l and 73, <f+1)/\/t a vector transport is necessary
to connect them This vector transport is defined as
Ty g @®) = a0 = VEVR{(VI)n®).
This approach ensures the search direction remains valid
across different points on the manifold M [9], [8].
e Retraction: The RC-IALM algorithm transmons from
the search direction n(® at the point Vmc to a new
point on the manifold using a process called retraction.
Retraction maps elements from the tangent space back to
the manifold, ensuring the updated point remains on the

manifold. This process is defined as R m(a( In®) =
(Vl(sac +a® t))/HV(t) +a® n(t Il Where a® repre-
sents the step size.

e Riemannian
of the
onto the

gradient:
Euclidean

Once Vige is optimized, the Lagrangian multiplier vector A
is updated to assess the progress in satisfying the constraints.

2) Lagrange Multiplier Tuning: The update rule for the
Lagrangian multiplier A\, at iteration ¢ is given by )\(tH) =
clip{ymin ymax] ()\E:) + p®y, (Vi(scrl))), where clipy, () =
max{a, min(b,z)} is the clip operator. Here, p > 0 is
a penalty parameter. The clipping function limits each La-
grangian multiplier, )\](fH), within the range [An, \max] [9],
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-1 1 A\ ~
_ H H k ‘
‘(\:2 jp( isac» ) - <(V1830V1§a0) ) <(V1sacv1§ac) ) isac 2/7 Z {Ak Jer e } (,0 + Tk (Vlsac)>
ke

7 (1) i ‘fHV(t) E, ’2 HAVAUR DN B oL

2f VlsacEkka B isac k Visac (10)

(t) - 2

ZJEN’ fHVlsacE ‘ + Ugom N (ZJENt fHVl(:a)c E; + O'gom>

Algorithm 1 : RC-IALM Algorithm

. Initialize: VISZ)C e M, A0 ¢ RN, €min, €@ > 0, p(O),
6. € (0,1), 6, > 1, {)\fcnln,Az“ax} e R, 7 e (0,1),
{51,52}>0 set t = 0.

2. while dist(g(V), g(V'

sac

(t+1)

1sac

)) = 02 or e® > e i, do

3:  Update 77( ) = —grad (o)jp( lsac7)\) set t1 = 0.
4:  while ngade)Jp(Vmc,/\)||2 > 41 do
5: Perform hne search to find a(*).
6 Update VIii™ via Ry, (at)n()),
7 Update T (t) V(11+1)(’Tl tl))
8: Compute 6(’51“) and update n(t1+1),
o: t1 < t1 + 1.
10:  end while (+1)
. - t+1
11:  Update the Lagrangian m(lﬂtg)her )\( kL ,VEk.
12 Set (Y = max d Tl D A;(t) ;
13 Adjust et = max{)emin, e},
. (t+1 (t)
14 ift=0or mkax|§k | < kaaka | then
15: pttl) = p(t).
16:  else
17 p(t+1) = pr(t)
18:  end if
190t t+1, Vl(g)c — Vl(fd:rl).
20: end while
I: Output: Vi, =V (1: N, Ny), A"

This ensures that the multipliers do not increase indefinitely,
keeping the optimization process stable.

Algorithm 1 presents the RC-IALM algorithm for P, which
ensures convergence by iteratively refining the candidate solu-
tion. At each iteration ¢, a new candidate Vl(Sac Vis generated,
ensuring the Lagranglan value decreases or remains stable:
T (Vi ' AY) < T, (VI AY) + €, where € — 0.
This guarantees that the solution approaches the global min-
imum. The penalty term p() controls convergence rate and
constraint satisfaction [8]. Interested readers are referred to
[9], [8] for the optimality and convergence properties of the

proposed algorithm.

The computational complexities of MIMO-ISAC optimiza-
tion methods vary greatly. RC-IALM is efficient with O( N} +
K?N}?), making it suitable for large-scale systems. In com-
parison, RSDP has a higher complexity of O(K%®N?), and
SCCO is the most complex at O(K3°NF?), limiting their
scalability for large N; and K.

10'f 10'F

=l
>

=
>
Average running time (s)

Average running time (s)

1

107

8
Number of BS antennas, N; =

12 16 20 24

2

4 6 8
Number of users, K

10
N,

[EEERC-TALM EERISD-TALM [E-JSGD-TALM [SCCO EERSDP|

Fig. 1. Average running time vs. number of CUs and BS antennas for different
algorithms.

V. SIMULATION RESULTS

This section evaluates the performance of RC-IALM. The
BS is located at the origin, {0,0}, and the CUs are randomly
distributed within a 20m radius around {50,30}. The sim-
ulation consists of 10> Monte Carlo trials. The simulation
parameters are set as follows [8], [9]: The carrier frequency
is 3GHz and antenna spacing d = A/2. The system has
Ny N, 12 antennas, K 4 CUs, and L = 30.
Maximum transmit power iS pmax = 30dBm, and noise
variances {02,,02 .} are {0, —80} dBm. The tolerances are
81 = 85 = 10~%. Initial and minimum accuracy tolerances are
€0 = 1072 and €, = 1075, Accuracy reduction 6, and ratio
T set to 0.5, with pg = 1, 6, = 4. The SINR threshold is
1dBm, and the Lagrange multiplier limits are {0, 10}.

RC-IALM is compared to the RSDP and SCCO methods
[2]. For the RSDP benchmark, P is reformulated as an
SDP by relaxing the rank-one constraint [2]. For the SCCO,
the objective function of P is approximated using a first-
order Taylor expansion, and (7b) is expressed as a SOCP
constraint. Each solution is used in the next iteration until
convergence. The optimization problems are solved using the
CVX tool [16]. RC-IALM is also compared with SD-IALM
and stochastic gradient (SGD)-IALM. The main difference
lies in the update method: SD-IALM employs a basic SD
direction, while SGD-IALM uses stochastic gradient updates,
introducing randomness for potentially faster convergence.

Fig. 1 depicts the average running times of RC-IALM and
benchmarks. The data are from Matlab simulation of an Intel®
Core™ i7 processor, clocking at 2.50 GHz. As per Fig. 1,
the execution time for all algorithms is proportional to N;.
However, the RC-IALM significantly outperforms SCCO and
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Fig. 2. Comparison of CRLB with respect to different algorithms. (a) CRLB vs. the number of BS antennas. (b) CRLB vs. the number of CUs. (c) CRLB
and sum rate versus SINR thresholds, where solid lines represent the CRLB, while dashed lines indicate the sum rate.

RSDP. For example, with N; = 24, RC-IALM reduces execu-
tion time by 96.97 % compared to SCCO and by 91.68 % com-
pared to RSDP. It also shows a slight improvement of 44.53 %
over SD-TALM, while SGD-TALM completes 48.52 % faster
than RC-TALM. This occurs because RSDP and SCCO op-
erate in the Euclidean space with ~ Nt6 dimensions, while
RC-IALM searches on a manifold with ~ N} dimensions.
This reduction in search dimensions significantly decreases
complexity. Second, RC-IALM directly translates non-convex
(P) into an MO problem without approximation. Compared to
SGD-IALM, RC-IALM employs a conjugate gradient update
method based on the Hestenes-Stiefel rule [15], ensuring more
stable and deterministic convergence. In contrast, SGD-IALM
utilizes stochastic gradient descent [17], which leads to less
reliable convergence.

Fig. 2 shows the CRB performance of different algorithms
as functions of (a) the number of BS antennas with N, = 12,
= 5, and B as the CRLB criterion (Fig. 2a), (b)
the number of CUs with 7}5‘ = 5 (Fig. 2b), and (c) the SINR
threshold (Fig. 2c). Regardless of the simulation scenario, RC-
IALM outperforms SCCO and RSDP. In Fig. 2a, RC-IALM
surpasses SD-IALM by 1.25 % and SGD-IALM by over 2.5 %
at Ny = 20. It also achieves a 91.75% gain over SCCO
and 176.875 % over RSDP, with continued superiority as the
number of antennas increases. In Fig. 2b, RC-IALM, SD-
IALM, and SGD-TALM maintain stable CRB performance as
CU numbers grow, unlike SCCO and RSDP, which degrade.
In Fig. 2¢, RC-IALM remains stable across SINR thresholds,
outperforming SCCO and RSDP, while achieving the highest
sum rate gains.

VI. CONCLUSION

This study developed a low-complexity beamforming algo-
rithm, RC-IALM, for ISAC systems by minimizing the CRB
of the TRM for target estimation while satisfying communi-
cation performance. Although the complexity of this problem
increases exponentially with the number of antennas, RC-
IALM reduces the search space from N dimensions to a
manifold of NJ, significantly lowering complexity. It achieves
over 90% faster convergence rate than conventional SCCO
and RSDP methods due to its more efficient search directions
and manifold structure, while demonstrating a stable CRB

performance. Future work will focus on analyzing specific
TRM models.
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