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Abstract—Multi-target detection and communication with ex-
tremely large-scale antenna arrays (ELAAs) operating at high
frequencies necessitate generating multiple beams. However,
conventional algorithms are slow and computationally intensive.
For instance, they can simulate a 200-antenna system over two
weeks, and the time complexity grows exponentially with the
number of antennas. Thus, this letter explores an ultra-low-
complex solution for a multi-user, multi-target integrated sensing
and communication (ISAC) system equipped with an ELAA
base station (BS). It maximizes the communication sum rate
while meeting sensing beampattern gain targets and transmit
power constraints. As this problem is non-convex, a Rieman-
nian stochastic gradient descent-based augmented Lagrangian
manifold optimization (SGALM) algorithm is developed, which
searches on a manifold to ensure constraint compliance. The
algorithm achieves ultra-low complexity and superior runtime
performance compared to conventional algorithms. For example,
it is 56 times faster than the standard benchmark for 257 BS
antennas.

Index Terms—Integrated sensing and communication, Ex-
tremely large-scale antenna arrays, Near-field, Beam-focusing.

I. INTRODUCTION

MULTI-target detection in integrated sensing and com-
munication (ISAC) systems is a critical application.

However, ISAC base stations (BSs) will use large-scale an-
tenna arrays (ELAA) at high frequencies [1], [2], which exhibit
near-field (NF) propagation [3]. Of course, far-field (FF) ISAC
research is also emerging [4]–[6]. The high dimensionality
of ELAA systems, e.g., a vast number of antenna elements,
exponentially increases the computational complexity [1], [2].
Traditional successive convex approximation (SCA) and semi-
definite relaxation (SDR) methods are inefficient due to over-
head and extended running times. For example, in [2], a 200-
antenna BS ISAC system required two weeks to generate
a single simulation curve, with time complexity growing
exponentially as the number of antennas increases.

This challenge calls for super-efficient algorithms. The prob-
lem’s search space has size MKN , where M , K, and N are
the numbers of BS antennas, users, and targets, respectively.
Consequently, the search space grows rapidly as network
dimensions increase, leading to exponential complexity. Thus,
a fundamentally different algorithm is required.

The key novelty of our work lies not only in the algorithm
but in addressing the high computational complexity of beam-
forming for multi-user, multi-target NF ISAC systems with
ELAAs. To our knowledge, multi-target detection in NF ISAC
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systems remains largely unexplored. The closest related work,
our previous paper [2], employs SCA and SDR for FF ISAC
systems. This study is the first to introduce a low-complexity
beamforming for multi-target detection and communication in
NF ISAC systems. In contrast, many NF ISAC studies focus
on single-target scenarios.

Building on [7], our algorithm extends beyond standard
optimization (including manifold optimization (MO) and frac-
tional programming (FP)) by integrating a penalty-based aug-
mented Lagrangian method (ALM) directly into the MO
framework. While [7] developed a low-complexity iterative
augmented Lagrangian MO (IALMO) algorithm for FF ISAC
systems, it focuses on a 3GHz frequency with fewer than
28 BS antennas. At higher frequencies, like 54GHz, smaller
wavelengths enable antenna arrays with up to 500 elements.
Although adaptable, IALMO’s performance has not yet been
evaluated for ELAA-ISAC systems over the 10GHz-10THz
range. Moreover, [7] reuses the same communication beams
for target detection. In NF, this dual usage is impractical due
to beam-focusing effects [3], where energy is concentrated in
both angle and distance, reducing coverage and limiting multi-
purpose applications. To address this, our approach employs
separate beams for communication and sensing (C&S) with
ELAA (see Remark 1).

Unlike [7], which uses Riemannian conjugate (RC) meth-
ods, we adopt Riemannian stochastic gradient descent (SGD)
to solve the proposed beamforming problem. Riemannian SGD
improves large-scale optimization by approximating gradients
using subsets of data at each iteration. This reduces compu-
tational overhead compared to full gradient descent, allowing
faster updates and enhanced scalability [8].

This letter presents a Riemannian SGD-based augmented
Lagrangian MO (SGALM) algorithm to overcome the afore-
mentioned computational complexity. It is designed to maxi-
mize communication sum rates while meeting sensing thresh-
olds and minimum rate requirements. Since the optimization
problem is non-convex and NP-hard, we augment the objective
function with a penalty for beampattern gain violations and
minimize over a complex sphere manifold, following the
ALM [9]. SGALM iteratively adjusts optimization variables
and Lagrange parameters to satisfy constraints. Compared to
standard techniques, SGALM archives dramatic complexity
savings. For example, with 257 and 321 BS antennas, SGALM
is 56 and 61 times faster than the benchmark. This efficiency
gain scales up with the antenna array size, making SGALM
ideal for ELAA-ISAC systems and dynamic networks.

While this study focuses on NF propagation, SGALM is
versatile and can be applied to various operating scenarios,
including FF environments and different antenna configura-
tions. This flexibility makes it suitable for diverse applica-
tions, ranging from urban environments with dense multi-path
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Fig. 1. A ELAA-ISAC system.

interference to rural areas with line-of-sight conditions.

II. PRELIMINARIES

1) System and Channel Models: Fig. 1 shows the narrow-
band ELAA-ISAC system consisting of M = 2M̃+1-uniform
linear array (ULA) antenna BS with antenna spacing d = λ/2,
K single-antenna communication users, and N sensing targets,
where λ is the wavelength [2]. The NF spherical wave channel
model is used. The NF channel vector between the BS and
the b-th node (b = k for the k-th user and b = n for the n-
th target), fb ∈ CM×1, is given as fb = βbaf (rb, θb), where
f ∈ {h,g}, af (rb, θb) ∈ CM×1 is the NF array response
vector with [af (rb, θb)]m = e−j 2π

λ (rmb(rb,θb)−rb) as the m-th
element, and rmb(rb, θb) is given in [2, Eqn. (1)]. Here, rb and
θb are the b-th node distance and angle from the center of the
ULA, respectively. Moreover, βb = β̃be

−j 2π
λ rb is the complex

channel gain, and β̃b =
√

λ/4πr−1
b is the free-space path-loss

between the 0-th antenna element and the b-th node. Further
details of the channel and system models can be found in [2].

Channel estimation and data transmission/sensing occur in
two separate time slots. The initial slot in each coherent inter-
val is allocated to estimating channel state information (CSI),
feasible with emerging methods [10]. Thus, CSI is available.
This assumption is standard and widely used. Nevertheless,
the proposed beamforming algorithm is robust to imperfect
CSI. The details of how it can adapt to imperfect CSI can be
found in [7].

2) Signal Model: The BS transmits signal x ∈ CM×1,
which is jointly designed for communicating with users while
sensing the targets, i.e, x =

∑
k∈K wkqk +

∑
n∈N sn. Here,

qk ∈ C denotes the intended data symbol for the k-th user
with unit power, i.e., E{|qk|2} = 1, wk ∈ CM×1 is the BS
data beamforming vector for the k-th user, and sn ∈ CM×1

is the sensing signal intended for detecting the n-th target. It
is assumed that qk and sn are independent of each other for
k ∈ K and n ∈ N , and the beamforming at the BS is achieved
through designing wk and sn [11], [12]. The received signal
at the k-th user is given by

yk = hH
k wkqk +

∑
i∈Kk

hH
k wiqi +

∑
n∈N

hH
k sn + ςk, (1)

where ςk ∼ CN (0, σ2) denotes the additive white Gaussian
noise (AWGN) at the k-th user.

Remark 1. Multiple N -independent sensing beams are em-
ployed to detect N separate targets. Unlike FF ISAC systems,
NF transmit beams are concentrated in both direction (angle)
and distance, resulting in narrow beams (the beam-focusing
effect). It is thus necessary to concurrently generate multiple
beams to achieve improved sensing performance [13].

Mathematical notations: The beamforming vectors are or-
ganized into a single matrix V = [w1, . . . ,wK , s1, . . . , sN ] ∈
CM×(K+N). An index matrix, E = IK+N ∈ R(K+N)×(K+N),
is defined. The combination of V and E allows the represen-
tation of each column individually from V.

III. COMMUNICATION AND SENSING PERFORMANCE

Communication rates at the users and the transmit beam
patterns for the targets at the BS are determined.

1) Communication Rates: Users decode their data using
the BS signal. From (1), the received SINR at the k-th user is
given by

γk =
|hH

k VEk|2∑
i∈Lk

|hH
k VEi|2 + σ2

, ∀k, (2)

where Ek is the k-th column of E. The k-th user rate can be
approximated as Rk = log2(1 + γk).

2) Sensing Beampattern: The transmit power can vary as
a function of sensing angle θ ∈ [−π/2, π/2], enhancing de-
tection, range/Doppler/angle estimation, tracking, recognition,
and sensing accuracy [14]. The sensing beampattern can be
defined at the n-th target direction as

p(θn) = E
{
|gH

nx|2
}
=

∑
i∈K

gH
nVEiE

H
i V

Hgn

+
∑

j∈N
gH
nVEK+jE

H
K+jV

Hgn, ∀n. (3)

This measure is tailored to meet specific target sensing require-
ments. For instance, when the directions of potential targets
are unknown, a uniformly distributed p(θ) is the most effective
choice. Conversely, in applications such as target tracking,
where the potential directions of targets are approximately
known, the measure should be designed to enhance the gain in
those specific directions, thereby improving the accuracy and
efficiency of target identification and tracking [14].

IV. PROBLEM FORMULATION

The primary goal is to maximize the users’ communication
sum rate while adhering to constraints on p(θn), minimum rate
demands, and maximum BS transmit power. The beamforming
vectors are optimized as follows:

P : max
V

∑
k∈K

log2(1 + γk), (4a)

s.t. p(θn) ≥ Ωth
n , ∀n, (4b)

γk ≥ Γth
k , ∀k, (4c)

Tr(VVH) ≤ pmax, (4d)

where (4b) ensures the sensing beampattern gain required for
each target, in which Ωth

n is the intended sensing beampattern
gain for the n-th target, (4c) is the SINR constraint at each
user with Γth

k = 2R
th
k − 1 where Rth

k is the k-th user rate
requirement, and (4d) sets the BS transmit power constraint,
with a maximum allowable transmit power of pmax.

Note that the problem formulation in P and [2] differ in var-
ious aspects. In particular, they have distinct objectives, i.e., [2]
minimizes the BS transmit power under C&S rate constraints,
whereas P maximizes the communication sum rate while
considering sensing beampattern gain and BS transmit power.
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Conversely, [2] and P use two different sensing performance
measures, i.e., sensing rate and beampattern gain. The sensing
rate utilizes transmit and receiver beampatterns, reflecting
how much environmental information can be collected from
a target’s reflected signal [11], [12]. However, it requires the
BS to function in full-duplex mode, severely compromising
performance due to self-interference. Here, beampattern gain
is used as a viable performance metric [14]. Nonetheless, our
method to address P can easily accommodate the sensing rate.

V. PROPOSED SOLUTION

Non-convex optimization problem P is solved using MO
and FP to determine the optimal BS transmit beamforming
vectors. To tackle the challenges imposed by the sum-log terms
in P, the FP approach is used to substitute auxiliary variables,
µ = [µ1, . . . , µK ], for each SINR term in (4a) while ensuring
µk ≤ γk. Thereby, P is equivalently reformulated as [15]

P1 : max
V,µ

f(V,µ) =
1

ln(2)

∑
k∈K

ln(1 + µk)

+
1

ln(2)

∑
k∈K

(
−µk +

(1 + µk)γk
1 + γk

)
, (5a)

s.t. (4b) − (4d). (5b)

Note that P1 is a two-part optimization problem: (i) an outer
optimization over V with fixed µ and (ii) an inner optimization
over µ with fixed V [15]. To solve P1, V and µ are
alternatively optimized until the objective function converges.

1) Optimizing µ for Fixed V: For a given V, f(V,µ) is
a concave differentiable function over µ. Consequently, the
optimal µ is computed by setting each ∂f(V,µ)

∂µk
to zero. The

optimal µk is given by µ∗
k = γk. Note that substituting µ∗ back

into f(V,µ) yields the exact sum-of-logarithms objective
function in P.

2) Optimizing V for Fixed µ: For a given µ, the objective
(5a) is simplified, eliminating the constant terms with respect
to V, and reformulate P1 as

P2 : max
V

∑
k∈K

µ̂k|hH
k VEk|2∑

i∈L |hH
k VEi|2 + σ2

, s.t. (4b) − (4d), (6a)

where µ̂k = 1+µk. Note that P2 maintains equivalence with
original problem P, resulting in no performance loss [7].

An efficient approach is proposed to address P2 that
leverages MO to obtain optimal transmit beamforming. MO
restricts the search space to a manifold, which locally re-
sembles Euclidean spaces. MO algorithms thus efficiently
navigate this space by leveraging its geometric properties to
find optimal solutions [9]. For P2, the relevant manifold is
a subspace with dimensions (M + 1)(K + N), resulting in
significant reductions in computational complexity. Moreover,
searching on a manifold eliminates the need for relaxations
or approximations, which are major drawbacks of conven-
tional optimization techniques. This allows MO algorithms to
achieve more accurate solutions with greater efficiency.

First, the power constraint is normalized to ensure that
Tr(VVH) ≤ 1. Then, a modified matrix Ṽ is introduced, com-
posed by columns {ṽ1, . . . , ṽL}, which satisfies the condition
Tr(ṼṼH) = Tr(VVH) + ||z||22 = 1, where ṽk = [wT

k , zk]
T

for k ∈ K and ṽn = [sTn , zn]
T for n ∈ {K + 1, . . . ,K +N}.

Here, z = [z1, . . . , zK+N ] is an auxiliary vector introduced to
simplify power normalization while preserving the constraint.
This leads to a complex sphere manifold as M = {Ṽ ∈
C(M+1)×(K+N) | Tr(ṼṼH) = 1}. Thus, P2 can be trans-
formed into a constrained optimization problem on M as

P3 : min
Ṽ∈M

f(Ṽ) = −
∑
k∈K

µ̂k|ĥH
k ṼEk|2∑

i∈L |ĥH
k ṼEi|2 + σ2

, (7a)

s.t. un(Ṽ) = Ωth
n −

∑
i∈K

ĝH
n ṼEiE

H
i Ṽ

Hĝn

−
∑

j∈N
ĝH
n ṼEK+jE

H
K+jṼ

Hĝn ≤ 0, ∀n, (7b)

ck(Ṽ)=Γth
k − |ĥH

k ṼEk|2∑
i∈Lk

|ĥH
k ṼEi|2 + σ2

≤ 0,∀k, (7c)

where ĥk =
√
pmax[hk, 0] and ĝn =

√
pmax[gn, 0] are

adjusted to match the problem’s dimensionality. In M, f(Ṽ)
and un(Ṽ) are continuous differentiable functions from M
to R. However, P3 involves constraint (7b), which is beyond
the manifold constraint. Fortunately, constraint (7b) can be
incorporated into the objective as a penalty term [9]. Thus,
the resulting Lagrangian function is given as follows [9]:

Lρ(Ṽ,λ,κ) = f(Ṽ) +
ρ

2

∑
n∈N

max

{
0,

λn

ρ
+ un(Ṽ)

}2

+
ρ

2

∑
k∈K

max

{
0,

κk

ρ
+ ck(Ṽ)

}2

, (8)

where ρ > 0 is a penalty parameter and λ ≥ 0 ∈ RN and
κ ≥ 0 ∈ RK are the vectors of Lagrange parameters. The
ALM optimizes Ṽ for a given λ and κ utilizing the MO
approach and updates λ and κ with a gradient-type rule [16].

Interested readers are referred to [7], [9] for the optimality
and convergence properties of the proposed algorithm. To
optimize (8) on M, the SGALM algorithm involves the
following main steps [7], [9].

Riemannian SGD: The Riemannian SDG is simi-
lar to the deterministic case, but the Euclidean gradient
∇Ṽt

Lρ(Ṽ,λ,κ) is computed on a mini-batch of data or
stochastic samples at each iteration. This stochastic Eu-
clidean gradient is projected onto the tangent space TṼt

M.
The projection results as follows: gradṼt

Lρ(Ṽ,λ,κ) =

∇Ṽt
Lρ(Ṽ,λ,κ) − ℜ{∇Ṽt

Lρ(Ṽ,λ,κ) ◦ Ṽ∗
t } ◦ Ṽt. This

ensures the update stays on M. The Euclidean gradient of
the objective function (8) is given by (9).

Search direction and update: The search direction ηt

at iteration t is computed using a mini-batch of data, and
given by ηt = −gradṼt

Lρ(Ṽ,λ,κ). The next iterate Ṽt+1

is computed by taking a step size αt along ηt, followed by
a retraction to ensure the update remains on M. The update
rule is given by Ṽt+1 = RṼt

(αtηt), where RṼt
(·) is the

retraction operation that maps the point from the tangent space
back onto M. The αt is crucial for convergence and often
follows a decaying strategy. It is defined as αt = α0

1+α0λt
,

where α0 is the initial step size and λ is the decay parameter.
This allows for larger steps at the start and gradually smaller
steps as the algorithm converges. It ensures that the updates
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∇Ṽt
Lρ(Ṽ,λ,κ) =

∑
k∈K

−µ̂k

(
2ĥH

k ṼtEkĥkE
H
k∑

j∈L |ĥH
k ṼtEj |2 + σ2

−
∑
i∈L

2|ĥH
k ṼtEk|2ĥH

k ṼtEiĥkE
H
i(∑

j∈L |ĥH
k ṼtEj |2 + σ2

)2
)

− 2ρ
∑

n∈N
1{λn/ρ+un(Ṽ)}

(
λn/ρ+ un(Ṽ)

)(∑
i∈K

ĝH
n ṼEiĝnE

H
i +

∑
j∈N

ĝH
n ṼEK+j ĝnE

H
K+j

)
− 2ρ

∑
k∈K

1{κk/ρ+ck(Ṽ)}
(
κk/ρ+ ck(Ṽ)

)( 2ĥH
k ṼtEkĥkE

H
k∑

j∈Lk
|ĥH

k ṼtEj |2 + σ2
−
∑
i∈Lk

2|ĥH
k ṼtEk|2ĥH

k ṼtEiĥkE
H
i(∑

j∈Lk
|ĥH

k ṼtEj |2 + σ2
)2
)

(9)

TABLE I
SIMULATION AND ALGORITHM PARAMETERS.

Parameter Value Parameter Value
fc 54GHz Ωth

n 10dBm
M 257 σ2 −90dBm
K 2 pmax 30dBm
N 4 {ϑmin, ϑmax} {0, 100}
Rth

k 15bps/Hz ρ0 1

respect the manifold’s geometry while efficiently guiding the
iterates toward the optimal solution. The algorithm achieves
faster iterations by applying stochastic updates, particularly
when handling large datasets.

Updating the Lagrange multipliers: Once Ṽ is optimized,
{λ,κ} are updated to indicate progress in fulfilling the con-
straints. At iteration t, the updating rule for ϑ ∈ {λn, κk}
is given as ϑt+1 = clip[ϑmin,ϑmax]

(
ϑt + ρtΨ(Ṽt+1)

)
, where

Ψ ∈ {un, ck}, ρt > 0 is a penalty parameter, and clipping con-
fines ϑt+1 to a predetermined range, i.e., [ϑmin, ϑmax] [9]. This
prevents the multipliers from increasing indefinitely, ensuring
that the optimization process is consistent and regulated.

At each iteration t, SGALM algorithm generates a candidate
solution Lρ(Ṽt+1,λt,κt) ≤ Lρ(Ṽt,λt,κt) + ϵt with an
infinite sequence {ϵt} that converges to zero, yielding a global
minimizer for P. This monotonically decreasing nature and
the upper constraint imposed on the objective function ensures
convergence [7]. With T iterations for convergence, the overall
complexity is estimated as O(T (MK +MK3)) [7], [9].

VI. SIMULATION RESULTS

Simulation examples are presented to evaluate the perfor-
mance of SGALM. The BS is placed at {0, 0}. The users
and targets are randomly distributed within circular regions
centered at {40, 10} and {20, 0}, respectively, with a radius of
10m. The sensing directions from the BS to the targets are set
at −65◦, −45◦, 30◦, and 60◦. The simulation consists of 103

Monte Carlo trials. Table I presents the simulation parameters
unless otherwise stated.

Proposed SGALM is compared to an iterative convex-
concave procedure algorithm (CCPA)-based benchmark [2].
This solves P using SDR and SCA iteratively [2]. In particular,
Wk = wkw

H
k and Sn = sns

H
n are defined, where Wk and

Sn are semidefinite matrices with Rank(Wk) = 1. Then, P is
reformulated as a conventional semi-definite problem (SDP)
by relaxing the rank-one constraint [2]. The SDP problem is
solved using the CVX tool. The relaxed rank one constraint
is imposed using Gaussian randomization [17].

Fig. 2 shows the average running times of SGALM and
CCPA (left) and the convergence rate of the SGALM al-
gorithm (right). These are from Matlab simulations on an
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Fig. 2. The algorithm execution time (left) and convergence rate (right) versus
the number of BS antennas.

Intel® Core™ i7 processor at 2.50GHz. In running time,
we also compare SGALM with the steepest descent (SD)-
IALMO and RC-IALMO, using different update strategies.
SD-IALMO uses the basic steepest descent, while SGALM
employs stochastic gradient updates for potentially faster con-
vergence. Conversely, RC-IALMO utilizes information from
previous iterations to update the search direction. As Fig. 2
indicates, the execution times for all algorithms increase
with M . However, SGALM/IALMO consistently outperforms
CCPA, significantly reducing average running time regardless
of the number of BS antennas. For instance, with M = 257,
SGALM is 56 times faster than CCPA.

The primary reasons are: (1) CCPA searches in the Eu-
clidean space of dimensions MKN , while SGALM searches
on a reduced manifold with (M + 1)(K + N) dimensions,
lowering complexity; (2) SGALM directly reformulates the
non-convex problem (P) as an MO problem without ap-
proximation; and (3) SGALM aggregates all beamforming
vectors into a single variable, efficiently handling large-scale
problems. In contrast, CCPA’s reliance on SCA-SDR approxi-
mations and matrix operations increases resource consumption
as the antenna array grows, resulting in longer execution times.
Moreover, SGALM outperforms SD-IALMO and RC-IALMO.
This is due to the differences in their update methods.

Fig. 2 (right) plots the norm of the gradient of the La-
grangian function, ∥gradṼt

Lρ(Ṽ,λ,κ)∥2. It evolves through-
out iterations for varying numbers of antennas. Initially, the
gradient norm declines rapidly for all settings, indicating that
the optimization method approaches the optimal regions with
lower gradient norms. As the iterations progress, the reduction
becomes slower, with more frequent fluctuations. This shows
the algorithm’s step size and direction adjustment based on
gradient guidance.

Fig. 3 and Fig. 4 compare the transmit beampattern gains
and sum rate performance of both algorithms. They both
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150 200 250 300 350 400 450 500

40

50

60

70

80

90

100

Fig. 4. Sum rate versus the number of BS antennas.
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Fig. 5. Sum rate versus the sensing beampattern gain threshold.

exhibit similar beampattern gains and sum rate performance.
It emphasizes their efficiency in focusing radiated power in
targeted directions, which is necessary for maximizing spatial
filtering and mitigating interference. Nevertheless, SGALM
has lower complexity and is faster than CCPA, a critical
requirement for ELAA-ISAC systems.

Fig. 5 investigates the trade-off between C&S tasks. It thus
plots the sum rate as a function of the sensing beampattern gain
threshold, Ωth

n , for various values of M = {129, 257, 321}.
The figure highlights an inverse relationship between C&S:
as the demand for sensing beampattern gain increases, the
sum rate decreases. This trade-off arises from the concurrent
operation of both functions. As sensing performance improves,
interference on the user side intensifies, and more resources are
allocated to sensing, reducing communication performance.

VII. CONCLUSION

This study developed a low-complexity beamforming algo-
rithm, SGALM, for simultaneous multi-target detection and
communication in ELLA ISAC systems. SGALM exploits the
beam-focusing effect in NF systems when the BS generates
multiple beams, enabling it to maximize communication sum
rates and achieve sensing gain. Although the complexity of this
problem grows exponentially with the number of antennas,
SGALM reduces the search space from MKN dimensions
to a manifold of (M + 1)(K + N), significantly cutting
complexity. Consequently, it is notably faster than the con-
ventional CCPA, SD-IALMO, and RC-IALMO algorithms.
SGALM uses more efficient search directions and achieves
faster convergence through the Riemannian SGD method. This
works well for ELLA-ISAC systems (M ≥ 100).

Future work can explore the feasibility of using dedicated
sub-antenna arrays for C&S and applying SGALM across var-
ious ISAC topologies. Channel estimation and beam training
also present promising research directions.
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