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Abstract—We investigate localizing multiple tags in a coop-
erative ambient backscatter communication (AmBC) network.
Firstly, we establish the necessary conditions for the pilots sent
by the tags to enable the reader to estimate the directions of
arrival (DoAs) of the tags and the radio frequency (RF) source.
However, DoA estimation is challenging due to the lower power
of tag signals compared to the RF signal. To overcome this, we
utilize the Root multiple signal classification (R-MUSIC) and
modified subspace methods. These approaches offer significant
improvements over the standard MUSIC algorithm. Specifically,
we observe an approximate threefold and fivefold enhancement
in estimation accuracy, respectively, using only four snapshots of
the received signal and a reader with 48 antennas.

Index Terms—Ambient backscatter communication (AmBC),
Tag localization, Direction of arrival (DoA) estimation.

I. INTRODUCTION

BACKSCATTER communication (BackCom) networks
utilize tags to support Internet of Things (IoT) applica-

tions like localization, tracking, and monitoring in domains
such as agriculture, manufacturing, logistics, and more [1],
[2]. The market value of tags is estimated to be in billions.
Determining the positions of tags relative to the reader or
transmitter is crucial for these applications. Estimating the
direction of arrival (DoA) of tag signals aids in achieving
this objective. DoA estimation serves multiple key functions in
wireless systems. It helps determine the tags’ locations and en-
ables tracking of their movements, if necessary. It also plays a
critical role in reducing interference, and mitigating multi-path
propagation, thereby enhancing network performance. DoA
estimation leads to interference suppression, signal quality
improvement, increased reliability, and extended range, and
enables precise control of signal directionality through analog
beamforming techniques.

This work focuses on DoA estimation for tags in a co-
operative ambient backscatter communication (AmBC) setup,
encompassing a shared RF source and a reader/receiver serving
both primary (cellular) and secondary (backscatter) systems
[3], [4]. Tags, functioning as ultra-low-power devices, rely
on reflecting RF signals due to limited processing capabilities
[1], [5], [6]. The reader, which can be a cell phone user or a
Wi-Fi access point, decodes data from both the primary RF
source and backscatter tags. As the reader and RF source are
integral to the primary networks, a pre-existing connection
facilitates the exchange of information, including transmit
power and coordinates, via a control link [7]. Consequently,
the reader possesses an approximate location of the RF source.
Additionally, the reader can estimate the count of dynamically
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deployed tags through queries, pertinent for applications like
tag identification, warehouse monitoring, and localization [8].

Previous DoA estimation studies [9], [10] have mainly
focused on single-tag scenarios. For example, to estimate the
DoAs of the RF source and the tag, [9] employs the discrete
Fourier transformation (DFT) method, and [10] utilizes the
multiple signal classification (MUSIC) algorithm. While MU-
SIC offers higher accuracy than DFT, it requires numerous
signal snapshots for satisfactory performance. Notably, neither
approach can be extended to estimate the DoAs of multiple
tags simultaneously. Moreover, the substantial power differ-
ences between the direct-link RF-source signal and the tag
signals also limit the localization of tags.

This letter is the first one to develop the DoA estima-
tion of multiple backscatter tags (K > 1) – Fig. 1. We
assume that the number of active tags (K) is known to the
reader, which is a multiple antenna radio. It can estimate the
number of active tags via an additional estimation process [8].
Moreover, compressive sensing methods can also estimate the
DoAs without knowing the number of tags [11], a promising
future research topic. However, we do not treat that estimation
problem in order to focus on the DoA estimation problem. In
our system, during the estimation phase, all the tags reflect
known symbols, i.e., pilots, over the ambient RF source signal.
The reader thus receives K + 1 signals from the RF source
and tags and estimates their DoAs. The main contributions are
summarized as follows:

• We propose a novel problem of estimating the DoA of
a multi-tag BackCom system. Our study is the first to
formulate the problem and develop a solution by defining
the necessary conditions for the tag pilots to enable the
reader to estimate K + 1 different DoAs.

• The tags in the proposed approach use binary phase-shift
keying (BPSK) modulation and the Hadamard matrix
columns except for the first element as pilots. To evaluate
performance, we first utilize the standard MUSIC algo-
rithm with a small number of signal snapshots. As it may
not achieve high accuracy due to the significant power
level differences between the RF source signal and the
tag signals [12], we thus employ the Root-MUSIC (R-
MUSIC) algorithm and a modified subspace algorithm.

• The numerical results reveal that the proposed DoA
estimation method can achieve reasonable performance
even with these standard algorithms. For instance, with 48
reader antennas and 4 received signal snapshots, MUSIC
achieves 4.9×10−2 root mean square error (RMSE),
whereas R-MUSIC and modified subspace algorithms
respectively improve the estimation accuracy by 3 and
5 folds, compared to MUSIC.

While classical subspace approaches are commonly used,
an alternative modern approach is compressive sensing, which
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Fig. 1. Cooperative AmBC system setup.

utilizes sparsity and performs well in low signal-to-noise ratio
(SNR) conditions [13]. Our study focuses on the multi-tag
localization problem, but exploring extensions in this area
provides promising opportunities for future research.

Notation: CN (µ,C) is a complex Gaussian vector with
mean µ and co-variance matrix C. Denote K ≜ {1, . . . ,K},
K0 ≜ {0, 1, . . . ,K}, Kk ≜ K/k, N ≜ {1, . . . , N}, and
Θ ≜ [−90◦ : 90◦].

II. SYSTEM, CHANNEL, AND SIGNAL MODELS

A. System and Channel Models

We consider a cooperative AmBC system comprising a
single-antenna RF source, K single-antenna tags (kth tag is
denoted by Tk), and a reader which is equipped with a uniform
linear array (ULA) of M(> K + 1) antennas (Fig. 1). The
system operates on a block flat-fading channel model. During
each fading block, h0 = [h1,0, . . . , hM,0]

T ∈ CM×1 is the
direct channel response vector from the RF source to the
reader. Moreover, hk = fkgk ∈ CM×1 for k ∈ K is the
effective backscatter (cascaded) channel through Tk, which is
the product of the forward-link channel from the RF source
to Tk, i.e., fk ∈ C, and the backscatter channel from Tk to
the reader, i.e., gk = [g1,k, . . . , gM,k]

T ∈ CM×1. A unified
representation of all channels is given as

ai = ai

[
1, ej

2πd
λ sinθi , . . . , ej

2πd
λ (M−1)sinθi

]T
, (1)

where ai ∈ {h0,gk} for k ∈ K. In (1), λ is the wavelength
of the RF signal and d is the distance between the adjacent
antennas of the ULA. Besides, θi ∈ Θ are the DoAs of incident
signals from the tags and the RF source, ai ∈ {h0, gk} denotes
the complex gains of the respective channels. Without loss of
generality, we assume that the RF source is located around
[−5◦ : 5◦] with respect to the reader (Fig. 1).

We make the following key assumptions: (i) the number of
tags is known in advance and is upper bounded by the number
of antennas at the reader, i.e., M > K +1, (ii) all tags reflect
during DoA estimation, (iii) and the direct-link channel (h0)
and the cascaded channels (hk for k ∈ K) are mutually un-
correlated.

Since the focus is on passive tags, it is important to describe
how energy harvesting (EH) fits into the considered system.
Time slots can be partitioned into two distinct phases: (a)
denoted as τ , and (b) denoted as τ ′, illustrated in Fig. 2.
During phase (a), the tags just reflect pilot symbols, enabling
the reader to execute DoA estimation. In Phase (b), a dual
process unfolds: tags transmit their data while simultaneously
doing EH by employing power splitting the incoming RF
source signal. Both the pilot and data transmission of the
tags are facilitated through load modulation. This technique
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Fig. 2. Transmission framework.

is extremely low power consuming, as elaborated in the
references [5], [6]. A concise explanation of load modulation
is provided in Section II-B. In our framework, we make the
assumption that the energy harvested is substantial enough
to effectively support both phases of each tag. Notably, our
focus is solely on the development of the DoA estimation
aspect. As a result, we omit the intricate details of Phase
(b). Nevertheless, it is important to acknowledge that the
implications of EH on the tags, the underlying EH models,
and other sources of impairment stand as promising avenues
for future extensions of this research.
B. Tag’s Data/Pilot Transmission

Load modulation involves using a set of load impedances,
Zm’s, to generate a multi-level (M̃ -ary) signal constellation.
To transmit symbol cm (E{|cm|2} = 1), the tag presents the
impedance Zm to the antenna of impedance Za to generate
the reflection coefficient as Γm = (Zm − Z∗

a)/(Zm + Za) =√
αcm, for m = {1, . . . , M̃}, where α = |Γi|2 ∈ (0, 1] is the

tag’s power reflection factor [5], [6]. For more details on load
modulation, see [5], [6] and the references therein.

III. DOA ESTIMATION

We consider the typical frame structure, shown in Fig. 2.
The tags backscatter pilot symbols over the RF source signal
during the DoA estimation phase of length τ symbols. Let
the RF source transmit s = [s1, . . . , sτ ]

T during period τ,
where si is the RF source symbol in the ith slot. Without
loss of generality, we assume si to be a standard circular
symmetric complex Gaussian variable, si ∼ CN (0, 1) [4]. We
consider that all K tags transmit pilots during this interval,
i.e., Tk backscatters ck = [ck1, . . . ckτ ] ∈ C1×τ , to the
reader, where cki is the transmit tag symbol over si. Denoting
βk = [1, ej

2πd
λ sinθk , . . . , ej

2πd
λ (M−1)sinθk ], we aim to estimate

the DoAs, i.e., βk for k ∈ K0, of the considered system.
Given the above setup, the received signal at the reader over

the i-th RF source symbol, yi ∈ CM×1, is given as

yi =
√
ph0β0si +

√
p
∑

k∈K

√
αkhkβkckisi + ni, (2)

where hk = fkgk, p is the RF transmit power, αk is
Tk’s reflection coefficient, and ni ∼ CN (0, σ2IM ) is the
additive white Gaussian noise (AWGN). In (2), we assume
that the echoes from the environment and non-tag objects are
negligible [9], [10].

Many high-resolution direction-finding methods, including
the well-known MUSIC algorithm [14], rely on utilizing the
covariance matrix of received signals. The covariance matrix
represents the spatial correlation between signals received by
different antennas within the array. This information is crucial
for determining the DoAs. The initial step involves evaluating
the covariance matrix of the received signal over multiple τ
RF source symbols. Using (2), it can be obtained as

Ri = E
{
yiy

H
i

}
= pE

{
|si|2

}
Qi + σ2I, i = 1, . . . , τ, (3)
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where Qi ≜ (h0β0 +
∑

k∈K
√
αkhkβkcki)(h0β0 +∑

k∈K
√
αkhkβkcki)

H ∈ CM×M , and E{nin
H
i } = σ2IM .

The sum-covariance matrix over τ pilot symbols is Rtot =
1/τ

∑τ
i=1 Ri. To compute Rtot, we first rewrite Qi as

Qi = H̄xix
H
i H̄

H, (4)

where H̄ ≜ [h0β0,
√
αkhkβk, . . . ,

√
αKhKβK ] ∈

CM×(K+1), and xi = [1, c1i, . . . , cKi]
T ∈ C(K+1)×1.

From (4), Rtot is thus obtained as

Rtot = pH̄XtotH̄
H + σ2I, (5)

where Xtot ≜ 1/τ
∑τ

i=1 xix
H
i ∈ C(K+1)×(K+1).

Theorem 1. K+1 different DoAs can be estimated and distin-
guished from Rtot (5), if and only if Rank(Xtot) = K+1 or
Rank(XXH) = K+1, where X = [x1, . . . ,xτ ] ∈ C(K+1)×τ .
Thus, based on eigen-decomposition, Rtot = UΛtU

H, the
eigenvector matrix U is partitioned into a signal matrix Us

with K + 1 columns, corresponding to the K + 1 signal
eigenvalues, and a matrix Un with M − (K + 1) columns,
corresponding the noise eigenvalues σ2.

Proof. See Appendix A. ■

Following Theorem 1, X should contain K + 1 indepen-
dent rows with all-1 sequence in the first row, and τ must
satisfy τ ≥ K + 1. Otherwise, K + 1 DoAs cannot be
distinguished. One option for X to satisfy the above design
criteria while maintaining the simplicity of tags, is K+1 rows
of Hadamard matrix of order m, including all-1 sequence, i.e.,
Hh

m ∈ {1,−1}m×m, where m = 2q and q ≥ 1, satisfying
m ≥ K+1 [15]. Thus, τ = m and XXH = τIK+1. The tags
thus adopt BPSK, i.e., cki ∈ {−1, 1}.

Remark 1. To estimate the DoAs of multiple backscatter
tags, the RF source must be treated as an imaginary tag
that transmits “1” over different RF source symbols. The
tags are then assigned symbols so that the transmitted signals
of the tags and the imaginary RF source symbols, i.e., 1’s,
are mutually orthogonal over τ . Accordingly, Theorem 1 is
satisfied, and K+1 signal eigenvalues are generated, allowing
for successful DoA estimation in BackCom.

Over the i-th RF source symbol, the tag transmits the ith
column of X, excluding the first element. The DoAs are
estimated using Rtot (5) over τ pilot symbols. However, due to
the limited signal samples, an estimate of Rtot is computed as
sample covariance R̄tot = 1/(τN)

∑τ
i=1

∑N
n=1 yi(n)y

H
i (n),

where N is the number of snapshots.
To estimate the DoAs, the conventional MUSIC algorithm

can use the sample covariance matrix R̄tot by searching for
the peaks of the pseudo-spectrum [14]. Specifically, using the
orthogonality between arrival angles and noise subspace, the
MUSIC pseudo-spectrum is given as

PMUSIC = 1
/
∥UH

nβ(θ)∥2, (6)

where β(θ) = [1, ej
2πd
λ sinθ, . . . , ej

2πd
λ (M−1)sinθ], for θ ∈ Θ.

And we search K +1 largest peaks of this to estimate DoAs.
As mentioned before, the standard MUSIC algorithm has

several drawbacks and cannot resolve the adjacent sources

with large power differences [12]. Therefore, we also exploit
R-MUSIC and modified subspace algorithms. R-MUSIC, a
variant of MUSIC, finds the roots of a polynomial of order
2(M − 1) [14]. It alleviates the drawbacks of MUSIC and
provides improved resolution in low SNR [16]. In contrast,
the modified subspace algorithm can resolve weak sources in
the vicinity of strong ones and achieve high reliability in low
SNRs. Compared to R-MUSIC, the resolution of the modified
subspace algorithm improves by increasing the number of
antennas. These algorithms are described next.

A. R-MUSIC Algorithm

This method offers advantages in terms of direct calculation
of DoA through polynomial zero searches [14]. It reduces
computing time and improves angular resolution by leveraging
specific properties of received signals.

Let C = UnU
H
n , and the denominator of (6) becomes

β(θ)HCβ(θ) =
∑M−1

m=0

∑M−1

l=0
e−j 2πd

λ msinθCmle
j 2πd

λ lsinθ

=
∑M−1

ν=−M+1
cνe

j 2πd
λ νsinθ

(d)
=

∑M−1

ν=−M+1
cνz

ν = D(z), (7)

where cν =
∑

n−p=ν Cpn, Cpn = [C](p,n), and (d) is obtained
by defining z = e−j 2πd

λ sinθ.
The roots of D(z) that lie closest to the unit circle cor-

respond to the poles of the MUSIC pseudo-spectrum. These
2(M − 1) roots can be written as zi = |zi|ejarg(zi) for
i = {1, . . . , 2(M−1)}. Hence, choosing those roots inside the
unit circle whose magnitude |zi| ≃ 1, and comparing ejarg(zi)

to e−j 2πd
λ sinθ gives

θ̂i = −sin−1 (λarg(zi)/2πd) . (8)

With perfect covariance measurement, the R-MUSIC poly-
nomial will clearly have K + 1 roots on the unit circle at
the value of z that correspond to the true angles of arrival.
However, the noisy measurement causes the roots of the true
DoAs to be perturbed away from the unit circle. Hence, from
the 2(M−1) zeros, R-MUSIC simply chooses the K+1 roots
with modulus nearest unity among those inside the unit circle.

B. Modified Subspace Algorithm

This exploits the invariance property of noise subspace rel-
ative to the source powers [12]. As the source powers change
while keeping source directions fixed, the last M − (K + 1)
eigenvalues/vectors of the covariance matrix remain intact.
Accordingly, a virtual source can be introduced whose DoA
overlaps with the actual sources, while keeping the noise
subspace unchanged. This improves the estimation accuracy
and decreases the sensitivity to the power level differences
between adjacent sources compared to MUSIC.

Thus, to estimate the DoAs using the modified subspace
method, for each value of θ ∈ Θ, a new matrix is defined as

Dθ = R̄tot + ηβ(θ)β(θ)H, (9)

where η = Tr(R̄tot)/M . The eigen-decomposition of Dθ (9)
yields the eigenvalues in the descending order as λ̂θ

1 ≥ . . . ≥
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TABLE I
ESTIMATED DOAS AND RMSES.

M = 48, τ = 4, N = 4, p = 20dBm
Given Angles

(θ)
Estimated RMSE [Rad]

MUSIC R-MUSIC Subspace MUSIC R-MUSIC Subspace
θ0 = 5◦ 5.0371 5.0045 5.0043 0.0113 0.0038 0.0037
θ1 = −30◦ -29.5228 -29.9697 -29.9828 0.0714 0.0211 0.0139
θ2 = 40◦ 39.7078 39.9647 39.9895 0.0473 0.0169 0.0092
θ3 = 15◦ 14.8653 14.9820 14.9935 0.0206 0.0076 0.0045

λ̂θ
K+1 ≥ . . . ≥ λ̂θ

M . The direction of the RF source and tags
are those values of θ that correspond to K + 1 largest peaks
of F (θ) given as [12]

F (θ) = 1
/(∑M

j=K+2
(λ̂θ

j − λ̄j)

)
, (10)

where λ̄m for m = {1, . . . ,M} are the eigenvalues of R̄tot

that are in decreasing order.

Remark 2. The computational complexity of the R-MUSIC
algorithm is given as O(M3)+O(M2(τN+K))+O(M−1).
Whereas, the computational complexity of the MUSIC algo-
rithm is O(M3)+O(M2(τN+K+2))+O((K+1)P ), where
P is the number of scan steps of Θ [16]. Compared to the
MUSIC algorithm, the modified subspace algorithm requires
the eigendecomposition of a M ×M -dimensional matrix for
each value of θ ∈ Θ, with the complexity O((P + 1)M3) +
O(M2(τN + P + 1)) +O((K + 1)P ).

Remark 3. Although we focus on cooperative AmBC, our
method can also work for other BackCom configurations, i.e.,
monostatic and bistatic. Specifically, for monostatic BackCom,
with co-located RF source and reader, the direct-link signal,
the first term in (2), disappears. However, to estimate DoAs,
the correlation between the tag-to-reader and reader-to-tag
channels must be considered.

TABLE II
SIMULATION SETTINGS.

Parameter Value Parameter Value

τ 4 M 48
K 3 α 0.8, 0.6
N 1,4 σ2 1

IV. SIMULATION RESULTS

We give simulations to validate the proposed estimators.
We consider K = 3 tags with the DoAs [θ1, θ2, θ3] =
[−30◦, 40◦, 15◦], and θ0 = 5◦. All channels are modeled as
fk, gk, h0 ∼ CN (0, 1), and σ2 = 1. We set τ = 4, d = λ/2,
αk = 0.8,∀k. As a benchmark, we also consider MUSIC.

We assess the quality of the DoA estimator in terms of
RMSE, which is defined as

RMSE [Rad] =

√
1

I(K + 1)

∑
k∈K0

(θk − θ̂k)2, (11)

where I denotes the number of Monte Carlo trials.
Fig. 3 depicts the RMSEs achieved by different methods

versus the transmit power for M = 48 antennas at the
reader. The individual RMSEs are also given in Table I.
As observed, the R-MUSIC and modified subspace methods
improve the DoA estimation and significantly outperform the
MUSIC algorithm with only a few snapshots. In particular,

6 8 10 12 14 16 18 20 22 24 26 28 30

10−2

10−1

Transmit Power [dBm]

R
M

SE
[R

ad
]

R-MUSIC
MUSIC
Modified Subspace

N = 1
N = 4

Fig. 3. RMSE versus transmit power for M = 48, α = 0.8, and different
number of snapshots, N = {1, 4}.
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Fig. 4. RMSE versus reader antennas M , for p = 20dBm, α = 0.8, and
N = 4.

at 19 dBm transmit power of the RF source and N = 4,
the RMSEs achieved by MUSIC, R-MUSIC, and modified
subspace are respectively 0.049, 0.016, and 0.01. Additionally,
the modified subspace method provides higher accuracy than
R-MUSIC, especially for a higher number of snapshots.

Fig. 4 investigates the effect of the number of reader’s
antennas on the DoA estimation accuracy, for p = 20dBm,
and N = 4. As expected, when the reader has more antennas,
the RMSEs decrease as the reader’s ability to distinguish
spatial signals is enhanced. While the R-MUSIC algorithm has
a higher angular resolution for a lower number of antennas
at the reader, its accuracy slightly improves with increased
antennas when compared to MUSIC and subspace algorithms.

We also investigate the effect of the number of snapshots,
N , on the DoA estimation in Fig. 5, for p = 20dBm and
M = 32. Increasing the number of snapshots significantly
improves the performance of the modified subspace method,
compared to the others. Specifically, when the number of
snapshots is increased from 4 to 12, the accuracy of the
modified subspace method increases by 102%, while 62% and
34% improvements are achieved for MUSIC and R-MUSIC



JOURNAL OF LATEX CLASS FILES, VOL. XX, NO. XX, MM YYYY 5

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30

10−2

10−1

Snapshots (N )

R
M

SE
[R

ad
]

R-MUSIC
MUSIC
Modified Subspace

Fig. 5. RMSE versus number of snapshots N , for p = 20dBm, α = 0.8,
and M = 32.

6 8 10 12 14 16 18 20 22 24 26 28 30

10−2

10−1

Transmit Power [dBm]

R
M

SE
[R

ad
]

R-MUSIC
MUSIC
Modified Subspace

α = 0.6
α = 0.8

Fig. 6. RMSE versus transmit power, for N = 4, M = 48, and different
reflection coefficient at the tags, α = {0.6, 0.8}.

algorithms. The above simulations reveal that the modified
subspace method achieves highly accurate DoA estimates,
using a large number of antennas at the reader, and a few
snapshots of the received signal.

Finally, Fig. 6 plots the RMSE for α = {0.6, 0.8} to
examine the impact of reflected power by the tags on the
quality of the DoA estimation. Higher α increases the reflected
power at each tag, improving the estimation quality.

V. CONCLUSION

We investigated the problem of DoA estimations for multi-
ple tags in a cooperative AmBC network. We designed a frame
structure for the pilot signals reflected by the tags. By doing so,
we derived a set of essential conditions for these pilot signals
that facilitate the reader’s ability to discern the DoAs of both
the tag signals and the RF source signal. Subsequently, we
employed the R-MUSIC and modified subspace methods for
the DoA estimation process. To elaborate, even with a limited
array of 48 antennas at the reader and a modest number of
signal snapshots, the modified subspace method provides high
accuracy. Notably, the R-MUSIC algorithm performs better
when the number of antennas at the reader is small.

Our work is the first one to study this problem for multiple
tags. As such, it paves the way for several future directions,
including exploring i) non-uniform antenna arrays at the
reader, ii) under-determined cases with more signal sources
than reader antennas, and iii) scenarios with an unknown
number of tags. Estimators based on compressive sensing and
neural networks should also be investigated.

APPENDIX A: PROOF OF THEOREM 1
Since Rank(H̄) = K + 1, with Schmidt orthogonalization,

we can obtain K + 1 normalized orthogonal vectors from H̄,
i.e., [v0, . . . ,vK ], which satisfies [v0, . . . ,vK ]V̄ = H̄, where
V̄ = [v̄0, v̄1, . . . , v̄K ] ∈ C(K+1)×(K+1), with the kth col-
umn, k ∈ K0, v̄k = [ηk0, ηk1, . . . , ηk(k−1), ηkk, 0, 0, . . . , 0]

T,

in which ηkj = ∥h̄kβk −
∑k−1

j=0 ηkj
h̄jβj

∥h̄jβj∥
∥; k = j, and

h̄∗
j h̄kβ

H
j βk

∥h̄jβj∥
; 0 ≤ j < k, where h̄k =

√
αkhk, k ∈ K.

Therefore, (5) can be written as Rtot = Rs +σ2I, where
Rs = [v0, . . . ,vK ]UΛUH[v0, . . . ,vK ]H, and V̄XtotV̄

H =
UΛUH, using eigen-decomposition. Thus, in order that
span(β0, . . . ,βK) = span([v0, . . . ,vK ]U), we should have
Rank(V̄XtotV̄

H) = K + 1, i.e., Rank(Xtot) = K + 1.
Besides, ∀um ∈ U, Rsum = λmum, we have Rtotum =
Rsum +σ2Ium = (λm +σ2)um, i.e., any eigenvector of Rs

is also an eigenvector of Rtot with corresponding eigenvalue
(λm + σ2). Thus, Rtot = UΛtU

H, where Λt = (Λ + σ2I),
i.e, Λt = diag(λ0 + σ2, λ1 + σ2, . . . , λK + σ2, σ2, . . . , σ2),
corresponding to the signal and noise subspaces.
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