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Abstract—This paper investigates the performance of intelli-
gence reflective surface (IRS)-assisted relay systems. To this end,
we quantify the optimal signal-to-noise ratio (SNR) attained by
smartly controlling the phase-shifts of impinging electromagnetic
waves upon an IRS. Thereby, a tightly approximated cumulative
distribution function is derived to probabilistically characterize
this optimal SNR. Then, we derive tight approximations/bounds
for the achievable rate, outage probability, and average symbol
error rate. Monte-Carlo simulations are used to validate our
performance analysis. We present numerical results to reveal that
the IRS-assisted relay system can boost the performance of end-
to-end wireless transmissions.

I. INTRODUCTION

An intelligence reflecting surface (IRS) having a large num-
ber of tiny passive reflectors can enable a controllable wireless
propagation environment by introducing distinct delays to the
reflected electromagnetic (EM) waves [1]–[4]. These delays in
turn result in controllable phase-shifts, which can be used to
intelligently reconfigure propagation properties of EM waves
through the wireless medium. This feature of IRSs can be
utilized to improve the signal-to-noise ratio (SNR) of an end-
to-end communication between a transmitter and a receiver
by enabling constructive additions of EM waves at a desired
destination [5]. Due to the passive beamforming nature of the
IRS, it enables energy efficient communication without actively
generating additional EM signals from active radio-frequency
chains/amplifiers [1]. Hence, IRSs have been recognized as
one of the key enabling technologies for the next-generation
wireless physical layer [1], [2].

Relay-assisted cooperative communications have been stud-
ied for well over two decades due to their potential of en-
hancing the performance of wireless systems [6]–[8]. Relaying
can effectively reduce the end-to-end path-loss in terms of
shorter-hop distances and amplify-and-forward (AF) or decode-
and-forward (DF) operations at intermediate relays [6]–[8].
Relay-assisted system models can achieve broader coverage
probability, improve spectral/energy efficiency, and enhance
communication reliability.

Next, we summarize several important contributions to the
development of IRS-assisted communication systems. Refer-
ences [1], [2] establish theoretical foundations of adopting
IRSs for wireless communication by investigating practical
realization and deployment aspects. In [5], IRSs are deployed
in a distributed manner, and thereby, the corresponding per-
formance bounds are evaluated for Nakagami-m fading. In
[9], two computationally efficient algorithms based on al-
ternative optimization techniques are proposed for transmit
power allocation at the base station (BS) and reflective/passive
beamforming at the IRS. In [10], a power consumption and
energy efficiency comparison between IRSs and repetition-
coded DF relaying is presented by considering ideal phase-

shift adjustments in frequency-flat fading channels. Reference
[11] analytically studies the differences and similarities between
IRSs and relays. Thereby, it is shown that the relay-assisted
systems can be outperformed by large RISs in terms of data
rates. In [12], the performance of a single IRS-assisted wireless
system is evaluated by deriving the outage probability, average
symbol error rate (SER), diversity order, and ergodic capacity.
These performance matrices are compared against an AF relay.
In [13], a hybrid DF relay and IRS network is investigated, and
thereby, a semi-definite relaxation technique based optimization
scheme is proposed to design the reflecting coefficients at the
IRS for maximizing the minimum achievable rate. In [14], the
benefits of combining an IRS with a DF relay are studied.

Aforementioned all related prior research [1], [2], [5], [9]–
[13] solely investigate either IRS-assisted communication sys-
tems or compare their performance with the relay-assisted
counterparts. To the best of our knowledge, the fundamental
performance metrics of the IRS-relay cascaded communication
systems have not yet been investigated in the open literature.
Thus, we aim to investigate the feasibility of employing an IRS-
relay cascaded system for reaping the joint benefits of IRS and
AF relays in a combined set-up. Thus, in our work, we develop
an analytical framework to fill this important gap for deriving
the performance bounds pertaining to an IRS-relay cascaded
system. First, the end-to-end optimal SNR is characterized via
probabilistic models by tightly approximating it by a math-
ematically tractable counterpart by invoking the central limit
theorem (CLT). Thereby, a tight upper bound for the cumulative
distribution function (CDF) of this approximated optimal SNR
is derived. By using this CDF, tight bounds/approximations for
the average achievable rate, SNR/rate outage probability, and
average SER are derived in closed-form. Then, the tightness of
our performance bounds/approximations is validated through
Monte-Carlo simulations. Finally, a set of insightful numerical
results is presented to explore the performance gains of the
proposed IRS-assisted relay system.
Notation: A circularly symmetric Gaussian distributed random
variable Y having µY mean and σ2

Y variance is denoted by
Y ∼ CN

(
µY , σ

2
Y

)
. The expectation and the variance of Y are

denoted by E[Y ] and Var[Y ], respectively. The notation yT

denotes the transpose of the vector y, and Cn = {0, 1, · · · , n}.
II. SYSTEM, CHANNEL AND SIGNAL MODELS

A. System and channel model
An IRS-assisted relay system is considered as shown in Fig.

1, in which a source (S) serves a destination (D) through a
cascaded IRS-relay channel. The relay (R) is equipped with a
single antenna, and it operates in half-duplex AF mode. The
direct channels S-R and S-D are assumed to be unavailable
due to severe blockage effects. The IRS consists of N passive
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Fig. 1. System model-IRS-assisted relay network.

reflectors, and the phase-shifts of EM waves impinging on them
can be intelligently controllable to ensure that the received
signal at D can be constructively combined. For the sake of
exposition, we use N ∈{1, · · · , N} to denote the set of passive
reflectors at the IRS.

The channel coefficient between S and the nth reflector of the
IRS is denoted by hIn, while hRn represents the channel between
the nth reflector and R. Moreover, the channel between R and
D is denoted by hD. All of these channels can be modeled in
polar-form as

u = βue
jθu , (1)

where u ∈ {hIn, hRn , hD} and n ∈ N . In (1), βu denotes the
envelop of u, and θu is the phase of u. Here, βu is assumed to
be independent Rayleigh distributed as [15]

fβu(x) = (x/ξu) exp
(
−x2/ (2ξu)

)
, (2)

where ξu = ζu/2 is the Rayleigh parameter, and ζu accounts
for the large-scale fading/path-loss of the channel u. Since
the IRS reflectors are co-located, we assume that large-scale
fading parameters are the same for respective S-IRS and IRS-
R channels.
B. Signal model

The signal transmitted by S reaches D through the IRS-
R cascaded channel. To this end, we can express the signal
received at R during the first time-slot as

yR =
√
P (hR)TΘhIx+ wR, (3)

where P denotes the transmit signal power at S, x is the signal
intended for D satisfying E

[
|x|2

]
= 1, and wR ∼ CN

(
0, σ2

wR

)
is an additive white Gaussian noise (AWGN) at R having
zero mean and σ2

wR
variance. Furthermore, the channel vector

between S and IRS is given by hI = [hI1, · · · , hIn, · · · , hIN ]T ∈
CN×1, and (hR)T = [hR1 , · · · , hRn , · · · , hRN ] ∈ C1×N rep-
resents the channel vector between the IRS and R. In (3),
Θ = diag

(
η1e

jθ1 , · · · , ηnejθn , · · · , ηNejθN
)

∈ CN×N is
a diagonal matrix, and it is used to capture the reflective
properties of the IRS. Here, the nth diagonal element, ηnejθn ,
represents the complex-valued reflection coefficient of the nth
reflector of the IRS in which ηn is its magnitude while θn is the
phase-shift. By exploiting the properties of Θ, we can rewrite
the signal received at R as

yR =
√
P
∑

n∈N
hRn ηne

jθnhInx+ wR. (4)

During the second time-slot, R first amplifies its received
signal and then forwards it towards D [8], [16]. Thus, the signal
received at D can be written as
yD =GhDyR + wD

=
√
PGhD

∑
n∈N

hRn ηne
jθnhInx+GhDwR + wD, (5)

where wD ∼ CN
(
0, σ2

wD

)
is an AWGN at D, and G denotes

the relay amplification factor, which is designed to constraint
the instantaneous transmit power (PR) at R as follows:

G=

√√√√PR

/(
P
∣∣∣∑

n∈N
ηnβhR

n
βhI

n
ejϕn

∣∣∣2 + σ2
wR

)
, (6)

where ϕn = θn + θhR
n
+ θhI

n
. By using (5), we compute the

received SNR at D as

γ =
P
∣∣GhD ∑

n∈N hRn ηne
jθnhIn

∣∣2
|GhD|2 σ2

wR
+ σ2

wD

. (7)

Then, we rewrite this SNR by substituting (1) into (7) in terms
of the channel phases as

γ =
P
∣∣GβhDejθhD

∑
n∈N ηnβhR

n
βhI

n
ejϕn

∣∣2∣∣GβhDejθhD
∣∣2 σ2

wR
+ σ2

wD

. (8)

Based on (8), we maximize the received SNR at D by smartly
adjusting the phase-shifts (θn) at each reflector to enable
constructive addition of the signal terms inside the summation
of the numerator of (8). To this end, the optimal choice of θn
to maximize the received SNR at D is given by

θ∗n = argmax
−π≤θn≤π

γ = −
(
θhR

n
+ θhI

n

)
, for n ∈ N . (9)

By substituting θ∗n into (8), the optimal SNR at D can be
derived as

γ∗ =
P (G∗)

2
β2
hD

(∑
n∈N ηnβhR

n
βhI

n

)2
(G∗)

2
β2
hDσ2

wR
+ σ2

wD

(10a)

=
γ̄Rγ̄Dβ

2
hD

(∑
n∈N ηnβhR

n
βhI

n

)2
γ̄R

(∑
n∈N ηnβhR

n
βhI

n

)2
+ γ̄Dβ2

hD + 1
, (10b)

where γ̄R=PR/σ
2
wR

and γ̄D=P/σ2
wD

. Moreover, in (10a), G∗

is the optimal relay gain, which can be obtained by substituting
θ∗n into (6).

III. PRELIMINARY ANALYSIS

In this section, the optimal received SNR (10b) is probabilis-
tically characterized by deriving a tight approximate to its CDF.
First, we define Z =

∑
n∈N ηnβhR

n
βhI

n
. Then, by using the

fact that the envelops βhR
n

and βhI
n

are independent Rayleigh
distributed random variables, Z is closely approximated by
an one-sided Gaussian distributed random variable (Z̃) by
invoking the CLT [15] as [17] (Appendix A)

fZ(y)≈fZ̃(y)=
ψ√
2πσ2

Z

exp

(
−(y−µZ)

2

2σ2
Z

)
, for y≥0. (11)

Here, we use ψ , 1/Q (−µZ/σZ) to normalize the PDF of Z
such that

∫∞
−∞ fZ̃(x)dx = 1, and Q(·) denotes the Gaussian-Q

function [15]. Moreover, µZ and σ2
Z are given by

µZ =
∑

n∈N
πηn

(
ξhR

n
ξhI

n

)1/2
/2, (12a)

σ2
Z =

∑
n∈N

η2nξhR
n
ξhI

n

(
16− π2

)
/4. (12b)

Next, we define γR to be

γR = γ̄RZ
2 = γ̄R

(∑
n∈N

ηnβhR
n
βhI

n

)2

. (13)
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Fig. 2. The CDF of SNR (γ∗) for N ∈ {64, 128, 256, 512} and γ̄ = 10 dB.

By using (11), PDF transformation technique can be used to
evaluate a tight approximation for the PDF of γR as

fγR
(x) ≈ ψ

2
√
πσ2

Rx
exp

(
−(

√
x− µR)

2

2σ2
R

)
, for x ≥ 0, (14)

where µR =
√
γ̄RµZ and σ2

R = γ̄Rσ
2
Z . By using (14), we

derive an approximated CDF for γR as

FγR
(x) ≈ 1− ψQ

(
(
√
x− µR)/σR

)
, for x ≥ 0. (15)

Next, we define γD to be γD = γ̄Dβ
2
hD . From the PDF ofβhD

in (2), the CDF of γD is derived as

FγD (x) = 1− exp
(
−x/σ2

D

)
, for x ≥ 0, (16)

where σ2
D = γ̄DζhD . Then, since the exact derivation of the

CDF of γ∗ (10b) appears to be mathematically involved, we
resort to an asymptotically exact upper bound as [6]

γ∗ ≈ γ̃∗ = min

(
γ̄R

(∑
n∈N

ηnβhR
n
βhI

n

)2

, γ̄Dβ
2
hD

)
.(17)

By noticing that γ̃∗ = min (γR, γD), we derive the approxi-
mated CDF of γ∗ (or the exact CDF of γ̃∗) as [15]

Fγ∗(y)≈ Fγ̃∗(y) = 1− (1− FγR(y)) (1− FγD (y))

= 1− ψQ ((
√
y − µR)/σR) exp

(
−y/σ2

D

)
. (18)

Next, we validate the accuracy of the approximated CDF
of γ∗ (18). We plot (18) and compare it with the Monte-Carlo
simulations of the exact optimal SNR (10b) in Fig. 2 for various
N ∈ {64, 128, 256, 512}. Fig. 2 illustrates that our analytical
CDF approximation is accurate for medium-to-large numbers
of reflective elements (N) at the IRS. A relatively larger N
is practically feasible and cost effective for IRSs, and hence,
our probabilistic characterization of the optimal SNR (18) is
useful in deriving performance bounds for the cascaded IRS-
relay channels.

IV. PERFORMANCE ANALYSIS
A. Average achievable rate

First, we can define the average achievable rate as follows:

R = E
[
1

2
log2 (1 + γ∗)

]
, (19)

where the pre-log factor of 1/2 is due to the fact that half-
duplex relay mode requires two time-slots for end-to-end data
transmission for the proposed system model. The exact deriva-
tion of R in (19) seems mathematically intractable, and hence,
we again resort to a tight upper bound by invoking the Jensen’s
inequality as [18]

R ≤ Rub =
1

2
log2 (1 + E[γ∗]) ≈ 1

2
log2 (1 + E[γ̃∗]) . (20)

Then, by evaluating the expectation term in (20), an achievable
rate upper bound is computed as (Appendix B)

Rub =
1

2
log2

(
1 + 2ψσ2

DQ (−µR/σR)
)
. (21)

B. The SNR/rate outage probability
For the proposed system, the probability that the instanta-

neous SNR (γ) falls below a threshold SNR (γth) is referred as
the SNR outage probability. Thus, we obtain an approximation
to this SNR outage probability from (18) as

Po = Pr (γ∗ ≤ γth) ≈ Fγ∗(γth). (22)

The rate outage probability can also be readily obtained as

Po=Pr(R′≤Rth)=Pr
(
γ∗≤22Rth−1

)
≈Fγ∗(22Rth−1),(23)

where R′ = 1
2 log2 (1 + γ∗) is the achievable rate, and Rth

denotes a threshold rate.
C. The average symbol error rate (SER)

The average SER of the proposed systems is defined as
the expectation of the conditional error probability (Pe|γ∗)
over the probability distribution of γ∗ [19]. Here, Pe|γ∗ is
given for a broad range of coherent modulation schemes by
Pe|γ∗ = ωQ

(√
ϑγ∗

)
, where the modulation scheme determines

the values of fixed parameters ω and ϑ [19]. Thereby, we can
define the average SER as P̄e = E

[
ωQ

(√
ϑγ∗

)]
. By using the

CDF of γ∗ in (18), a tight approximation for P̄e can be given
as [7]

P̄e ≈
ω

2
− ω

√
ϑ

2
√
2π

∫ ∞

0

x−1/2exp

(
−ϑx

2

)
F̄γ̃∗(x)dx, (24)

where F̄γ̃∗(x) = 1 − Fγ̃∗(x) is the complementary CDF
(CCDF) of γ∗. Then, the closed-form solution to P̄e is given
by evaluating the integration in (24) as follows (Appendix C):

P̄e≈
ω

2
+2λQ (−µR/σR)+

λ

π
√
aσ2

R

e
−µ2

R
2σ2

R

(
1− 1

2aρσ2
R

)

×
∑

i∈C∞
(−2)i

(√
aρ2σ2

R

µR

)i+1

Γ

(
i+ 1

2
,

µ2
R

2aρσ4
R

)
, (25)

where Γ(α, x) =
∫∞
x

e−ttα−1dt is the upper incomplete
Gamma function [20, Eqn. 8.350.2]. Moreover, a, λ, and ρ
are defined as

a=
ϑ

2
+

1

σ2
D

, λ =
ωψ

√
ϑ√
a

, and ρ = 1 +
1

2aσ2
R

. (26)

In (25), even though there is an infinite summation, this
analysis is accurate for a small number of summation terms.
For instance, we evaluate this summation term only for i ∈ C2.
Fig. 5 reveals that this analytical approximation is tight even
for three summation terms.

V. EFFECTS OF PHASE QUANTIZATION

In order to maximize the received SNR in (8), we assume
that each IRS element provides a continuous phase-shift as
per (9). However, in practice, an IRS reflecting element only
uses a set of discrete phase-shifts due to the associated hard-
ware limitations. Thus, we investigate the impact of phase-
shift quantization assuming that a limited number of discrete
phase-shift is available for selection at the nth IRS element
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Fig. 3. The outage probability for N ∈ {64, 128, 256, 512} and the threshold
SNR is γth = 0 dB.

as θ̂∗n = πq̂/2b−1, where b is the number of quantization
bits for the discrete phase-shifts at IRS. Then, q̂ is given by
q̂ = argmin

q∈{0,±1,··· ,±2b−1}
|θ∗n − πq/2b−1|, and θ̂∗n is the optimal

phase-shift (9). Then, the difference between unquantized and
quantized phase-shift is defined as the phase quantization
error: ϵn = θ∗n − θ̂∗n. When the number of quantization
levels increases, ϵn converges to a uniform distribution as
ϵn ∼ U [−π/2b, π/2b) [21]. Also, ϵn becomes uncorrelated with
the signal. Thus, the optimal SNR in (10b) with discrete phase-
shifts can be given as

γ̂∗ =
γ̄Rγ̄Dβ

2
hD

(∑
n∈N ηnβhR

n
βhI

n
ejϵn

)2
γ̄R

(∑
n∈N ηnβhR

n
βhI

n
ejϵn

)2
+ γ̄Dβ2

hD + 1
. (27)

This optimal SNR expression (27) can be used to investigate
the detrimental impact of discrete phase-shifts for the proposed
system model.

VI. NUMERICAL RESULTS

In this section, the performance of the proposed IRS-assisted
relay system is evaluated numerically. The large-scale fading
is modeled by ζab = (d0/dab)

ν × 10φab/10, where dab for
{a, b} ∈ {S, IRS, R,D}, d0 = 1m, and ν = 3.4 are the
distance between nodes a and b, the reference distance, and the
path-loss exponent, respectively. Furthermore, the log-normal
shadow fading is accounted by 10φab/10 with φab ∼ (0, 8)
[22]. In simulations, we model the AWGN variances at R
(σ2

wR
) and D (σ2

wD
) as σ2

wR
= σ2

wD
= 10log10 (N0BNf ) dB,

where N0 = −174 dBm/Hz, B = 20MHz is the transmission
bandwidth, and Nf = 7 dB is the noise figure. Moreover, all
the nodes (S, IRS, R, and D) are placed in fixed positions
over an area of 1000 × 2000m2. Specifically, the distances
between S-IRS, IRS-R, and R-D are 550m, 600m, and 500m,
respectively. The amplitude of reflection coefficients ηn for
n ∈ N is set to 0.9. Unless otherwise specified, the average
transmit SNR is defined as γ̄ = γ̄R = γ̄D.

In Fig. 3, the SNR outage probability is plotted against γ̄
for a distinct set of reflective elements at the IRS defined by
N ∈ {64, 128, 256, 512}. The outage probability of S-R-D
transmission (without using an IRS) is also plotted for compar-
ison purposes. We use Monte-Carlo simulation to generate the

Fig. 4. The average achievable rate for N ∈ {64, 128, 256, 512}.

exact outage curves for the purpose of validating the accuracy
of our analytical outage probability in (22). The tightness of our
outage probability approximation notably increases with N . As
per Fig. 3, the outage probability performance is boosted with
the number of reflective elements at the IRS. For instance, the
case with N = 64 needs an average transmit SNR of 27.6 dB to
obtain an outage probability of 10−2, which is 14.2%, 22.5%,
and 34.8% increase over the IRS with N = 128, N = 256,
and N = 512 cases, respectively. Moreover, Fig. 3 illustrates
that the proposed IRS-assisted relay system outperforms S-R-
D transmission in terms of outage probability. For example, to
attain an outage probability of 10−1, S-R-D set-up requires an
average transmit SNR of 27 dB, and it is about 41.2% increment
in terms of average transmit SNR demand over the case with
N = 64.

In Fig. 4, we investigate the impact of the number of IRS
elements on the average achievable rate by plotting the average
achievable rate as a function of γ̄ for N ∈ {64, 128, 256, 512}.
We also plot the achievable rate of the S-R-D transmission
to compare with the proposed system. The analytical upper
bound of the achievable rate in (21) is validated by plotting the
exact rate curves via Monte-Carlo simulation. For moderately
large N , Fig. 4 clearly indicates that our upper bound is tight.
We observe that when a higher number of reflective elements
is employed at the IRS, the average achievable rate increases.
For instance, at an average transmit SNR of 15 dB, N = 128
case provides a rate gain of 108.3% compared to the case with
N = 64. Furthermore, this rate gain increases to 245.6% and
425.4.0% for N = 256 and N = 512 cases, respectively. In
Fig. 4, we observe that the achievable rate can be boosted by
adopting IRS over conventional relay networks. For instance,
a rate gain of 185.6% can be achieved by using an IRS with
N = 64 compared to the S-R-D transmission at an average
transmit SNR of 20 dB.

In Fig. 5, the average bit error rate (BER) of binary
phase-shift keying (BPSK) is plotted against γ̄ for N ∈
{64, 128, 256, 512}. The exact BER curves are generated via
the Monte-Carlo simulations to validate the accuracy of our
analysis, while the analytical curves are plotted via the analysis
in (25) by substituting ω = 1 and ϑ = 2. Fig. 5 illustrates that
the proposed cascaded IRS-R set-up outperforms the S-R-D
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Fig. 5. The average BER of BPSK for N ∈ {64, 128, 256, 512}, ω = 1,
and ϑ = 2.

Fig. 6. The effect of phase shift quantization on the average achievable rate
for N ∈ {64, 128, 256, 512}.

transmission in terms of the average BER. Fig. 5 also depicts
that the performance of the proposed system can be boosted in
terms of the average BER by increasing the number of reflective
elements at the IRS. For example, to achieve an average BER
of 10−2, the set-up with N = 128 case requires an average
transmit SNR of 28 dB, which is an 10.5 dB increase compared
to the transmit SNR requirement of the case with N = 512.

In Fig. 6, the percentage rate ratio (Rper) is plotted against
γ̄ for different N ∈ {64, 128, 256, 512} to investigate the
effect of phase quantization used in IRS for controlling discrete
phase-shifts. The phase-shift quantization errors are randomly
generated to be uniformly distributed: U [−π/2b, π/2b). The
ratio between the average achievable rate with phase-shift
quantization errors and the rate without phase-shift quantization
errors defines the percentage rate ratio: Rper = R̂

/
R× 100%.

Fig. 6 shows that the effect of phase-shift errors becomes
negligible for higher values of b. Specifically, when 4-bits
quantization is used at each IRS element, we can achieve
more than 99% of the average rate compared to the continuous
phase-shifts. Also, Rper improves with higher values for the
average transmit SNR. For instance, we can achieve more than
94%, 98%, and almost 100% average rate with 1, 2, and 4-bits
quantization, at transmit SNR beyond 20 dB. Fig. 6 also depicts
that a higher number of IRS elements is beneficial in achieving
a better average rate in the moderate-to-large SNR regime.

VII. CONCLUSION

The performance of an IRS-assisted relay system has been
investigated. The optimal SNR that is attained through intel-
ligent phase-shift controlling of the IRS elements has been
probabilistically characterized by deriving a tight CDF approx-
imation. Thereby, tight approximations/bounds for the funda-
mental performance metrics, including the average achievable
rate, SNR/rate outage probability, and average SER have been
derived. The impact of phase-shift errors at the IRS has been
investigated by adopting discrete phase-shift adjustments. The
accuracy of our analysis has been validated through the Monte-
Carlo simulation. A rigorous set of numerical results has been
presented to investigate the performance of the proposed IRS-
assisted relay system. From our numerical results, we reveal
that IRS-assisted relay systems can enhance end-to-end wireless
communication performance.

APPENDIX A
DERIVATION OF PDF OF Z IN (11)

First, we define Z =
∑

n∈N zn, where zn = ηnβhR
n
βhI

n
.

Since βhR
n

and βhI
n

are independently distributed Rayleigh
random variables with parameters ξhI

n
and ξhR

n
, respectively,

the kth moment of zn can be given as [23]

E
[
zkn

]
=

(
η2nξhI

n
ξhR

n

)k/2

(Γ(k/2 + 1))2 , (28)

where Γ(t) =
∫∞
0
xte−xdx is the Gamma function [20, Eqn.

8.310.1]. Then, we approximate the PDF of Z by an one sided
Gaussian distribution in moderately large regime of N as Z∼(
µZ , σ

2
Z

)
by invoking the CLT. Here, µZ and σ2

Z are defined
in (12a) and (12b), respectively. Finally, we can give the PDF
of Z as (11).

APPENDIX B
DERIVATION OF Rub IN (21)

The kth moment of γ̃∗ can be defined by using the CDF of
γ̃∗ as follows [15]:

E
[
(γ̃∗)

k
]
=

∫ ∞

0

kxk−1 (1− Fγ̃∗(x)) dx, for k ≥ 1. (29)

Then, by substituting the CDF of γ̃∗ in (18) into (29) and for
k = 1, E[γ̃∗] can be calculated as

E[γ̃∗] =

∫ ∞

0

ψQ
(
−(

√
x− µR)/σR

)
e−x/σ2

Ddx (30)

(a)
= 2σRψ

∫ ∞

−µR/σR

(σRu+ µR)Q (u) e−(σRu+µR)2/σ2
Ddu

(b)
= ψσ2

D

[
e−(σRu+µR)2/σ2

D

(
erf

(
u/

√
2
)
−1

)]∞
−µR/σR

+
ψσ2

D

√
2√

π

∫ ∞

−µR/σR

e−(σRu+µR)2/σ2
D−u2/2du

= 2ψσ2
DQ (−µR/σR) +

ψσ2
D

√
2√

π

×
∫ ∞

−µR/σR

e


√

−σ2
R

σ2
D

−1
2
u− σRµR

σ2
D

√√√√−σ2
R

σ2
D

−1
2


2

−
σ2
Rµ2

R

σ4
D

(
−σ2

R
σ2
D

−1
2

)−µ2
R

σ2
D

du︸ ︷︷ ︸
I

,

where erf (x) = 2/
√
π
∫ x

0
e−tdt is the Gauss error function [20,

Eqn. 8.250.1], the step (a) is obtained by letting u = (
√
x −



µR)/σR, and the step (b) is computed by using integration-
by-part technique. Upon several mathematical manipulations,
solution to the integral I in (30) can be given in the form
of I = A [erfi (−jδu)]∞−µR/σR

, where A, δ are constants, and
erfi (z) = erf (jz) /j is the imaginary error function [20]. From
the properties of imaginary error function, it can be shown that
the solution of I becomes zero except if µR/σR = 0. Since
µR ̸= 0 and σR > 0, a solution to E[γ̃∗] is given as

E[γ̃∗] = 2ψσ2
DQ (−µR/σR) . (31)

By substituting (31) into (20), Rub is derived as (21).
APPENDIX C

DERIVATION OF P̄e IN (25)
By substituting Fγ̃∗(y) into (24), the integral (IP ) in (24)

can be evaluated as

IP =
2λ

√
a√

2π

∫ ∞

0

x−1/2e−axQ
(√

x− µR

σR

)
dx (32)

(c)
=

4λσR
√
a√

2π

∫ ∞

−µR/σR

e−a(σRu+µR)2Q (u) du

(d)
=

√
2λ

[
Q (u) erf

(√
a(σRu+ µR)

)]∞
−µR/σR

+
λ√
π

∫ ∞

−µR/σR

e−u2/2erf
(√
a(σRu+ µR)

)
du

(e)
=

λ√
π

∫ ∞

−µR/σR

e−u2/2du− λ

π

∫ ∞

−µR/σR

e−u2/2e−a(σRu+µR)2

√
a(σRu+ µR)

(f)
= 2λQ (−µR/σR)−

λ

π

∫ ∞

−µR/σR

e−u2/2e−a(σRu+µR)2

√
a(σRu+ µR)︸ ︷︷ ︸

I′
P

,

where a and λ are defined in (26). The step (c) is due to a
changing of variable technique as u = (

√
x − µR)/σR. The

step (d) is evaluated via the part-by-part integration technique.
The step (e) is evaluated via a tight approximation for the error
function: erf (x)=1−exp

(
−x2

)
/(x

√
π) [24]. In (32), the step

(f) is derived by using [20, Eqn. 2.33.2]. Then, the integral I ′P
in (32) can be evaluated by substituting t=

√
a(σRu+µR) as

I ′P =
e

−µ2
R

2σ2
R√

aσ2
R

∫ ∞

0

1

t
e−ρt2+µRt/(

√
aσR)dt (33)

=
e

−µ2
R

2σ2
R

(
1− 1

2aρσ2
R

)
√
aσ2

R

∫ ∞

0

1

t
e−ρ(t−q)2dt

(g)
=

e

−µ2
R

2σ2
R

(
1− 1

2aρσ2
R

)
√
aσ2

R

∫ ∞

−q

1

y + q
e−ρy2

dy

(h)
=

e

−µ2
R

2σ2
R

(
1− 1

2aρσ2
R

)
√
aσ2

R

∑
i∈C∞

(−1)iq−1−i

∫ ∞

−q

yie−ρy2

dy

(i)
=

e

−µ2
R

2σ2
R

(
1− 1

2aρσ2
R

)
√
aσ2

R

∑
i∈C∞

(−1)iq−1−i

2ρi/2+1/2
Γ

(
i+ 1

2
, ρq2

)
,

where ρ is given in (26), and q = µR/(2ρσ
2
R

√
a). The step (g)

is evaluated by letting y = t − q. The step (h) is obtained by
expanding (y + q)−1 via negative binomial theorem. The step
(i) is due to [20, Eqn. 2.33.10]. Finally, by substituting (32)
and (33) into (24), P̄e can be derived as (25).
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