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Abstract—In this paper, the performance of a distributed
intelligent reflective surface (IRS)-aided communicationsystem
is investigated. To this end, the optimal signal-to-noise ratio
(SNR) achievable through the direct and reflected channels
is quantified by controlling the phase-shifts of the distributed
IRS. This optimal SNR is statistically characterized by deriving
tight approximations to the exact probability density function
and cumulative distribution function for Nakagami-m fading.
Thereby, the outage probability and achievable rate boundsare
derived in closed-form, and they are validated via Monte-Carlo
simulations. Our numerical results reveal that the distributed
IRS-aided communication set-ups can boost the outage and rate
performance of wireless systems.

I. I NTRODUCTION

Recently, a novel concept of coating physical objects such
as building wall and windows within a wireless propagation
medium with intelligent reflective surfaces (IRSs), which can
interact with electromagnetic (EM) waves, has emerged [1]–
[4]. By invoking the recent research developments of meta-
surfaces [5]–[7], the feasibility of synthesizing the IRS has
been explored [1]. An IRS consists of a large number of
passive reflective elements, which can introduce controllable
phase-shifts to incident EM waves. These phase-shifts can
be intelligently controlled to enable a constructive addition
of EM waves at a desired destination and thereby boosting
the signal-to-noise ratio (SNR) of the end-to-end communi-
cation. Moreover, the IRS enables recycling of EM waves
without generating additional signals via radio-frequency (RF)
chains/amplifiers and thus enhancing the energy efficiency.
Thus, the concept of IRS has a great potential of unveiling
a paradigm-shift on how a controllable/smart wireless prop-
agation can be exploited by wireless designers to reach the
ultimate performance limits.
Prior related research: In [1], [8], the core architectural
aspects of IRSs for wireless communications have been ex-
plored. In [5], [6], prototypes of meta-surfaces and meta-
tiles that can be used to coat objects embedded within a
smart wireless propagation environment have already been
developed. In [9], the ray-tracing techniques are used to
develop novel propagation/path-loss models for IRS-assisted
wireless communications. In [10], [11], the joint optimization
of precoders at the base-station and phase-shifts at the IRSis
investigated. In [12], the fundamental performance metrics of
IRS-assisted communication systems operating over Rayleigh
fading are derived. Reference [13] explores the feasibility
of exploiting statistical channel state information (CSI)to
optimize phase-shift designs at the IRS to maximize the
achievable spectral efficiency. In [14], the novel IRS-aided
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Fig. 1. System model - A distributed IRS-aided communication set-up

techniques are explored to boost the physical layer security
aspects of wireless communications. In [15], the performance
of IRS-enabled wireless energy harvesting is investigated.
Motivation and our contribution: A common attribute of
the above related prior research [1], [5], [6], [8]–[14] is that
their system models consist of a single IRS. However, the
concept of IRS was originally envisioned to coat physical
objects distributed within a wireless propagation channel. To
this end, the fundamental performance metrics of a distributed
IRS-aided communication set-up have not yet been explored.
To fill this important gap in IRS literature, in this paper,
we present a statistical characterization of the end-to-end
optimal SNR and the corresponding performance metrics of
a distributed IRS-aided system operating over Nakagami-m
fading. Specifically, the optimal SNR is tightly approximated
by using a mathematically tractable counterpart via the central
limit theorem because the optimal counterpart does not seem
to be amenable to closed-form characterization of the perfor-
mance metrics. Then, the exact probability density function
(PDF) and cumulative distribution function (CDF) of this
approximated optimal SNR are derived. Thereby, the outage
probability approximation and lower/upper bounds for the
achievable rate are derived in closed-form. The accuracy of
our analysis is verified via Monte-Carlo simulations, and a
set of rigorous numerical results is presented to investigate
the performance of the distributed IRS-aided communication
system. Our results reveal that a distributed deployment of
IRS can be exploited to boost the outage performance and
achievable rate compared to the direct transmission and single
IRS-aided set-ups.
Notation: xT denotes the transpose ofx. E[X ] andVar[X ]
represent the expectation and variance of a random variable
(RV) X , respectively.X ∼ N

(

µX , σ
2
X

)

denotes thatX is
Gaussian distributed withµX mean andσ2

X variance.

II. SYSTEM, CHANNEL AND SIGNAL MODELS

A. System and channel model

We consider a distributed IRS-assisted communication sys-
tem in which a single-antenna source (S) serves a single-
antenna destination(D) throughN distributed IRSs, each



havingL passive reflective elements (see Fig. 1). It is assumed
that the phase-shifts at the IRS reflective elements can be
intelligently controlled such that the received signal atD can
be constructively added.

The direct channel betweenS and D is denoted byu,
while the channel betweenS and thelth reflective element of
thenth IRS is representedhnl, respectively. Moreover,gnl is
used to denote the channel between thelth reflective element
of the nth IRS andD. All channel envelopes are assumed
to be independent Nakagami-m distributed, wherem is the
shape parameter. Nakagami model can capture a wide-range
of fading scenarios including Rayleigh, Rician and one-sided
Gaussian by varyingm. The direct channel (u) can be written
in its polar form as

u = αue
jθu , (1)

whereαu is the envelope ofu, andθu is the phase ofu. The
PDF ofαu is given by [16]

fαu(x) =
2mmu

u x2mu−1

Γ(mu)ξ
mu
u

exp

(
−x2

ξu

)

, (2)

where mu is the shape parameter, andξu = muζu is
the scaling parameter. Here,ζu accounts for the large-scale
fading/path-loss of the channel. Similarly, theS-to-IRS and
IRS-to-D channels can be defined as

vnl = αvnl
ejθvnl , (3)

wherev ∈ {h, g}. Moreover,αvnl
is the envelope ofvnl, and

θvnl
is the phase. Then, the PDF ofαvnl

is given as follows:

fαvnl
(x) =

2mmv
v x2mv−1

Γ(mv)ξ
mv
vn

exp

(
−x2

ξvn

)

, (4)

wheremvnl
= mv and ξvnl

= mvnl
ζvnl

= ξvn are the shape
and scaling parameters, respectively. Here, it is assumed that
large-scale fading parameters are the same for a given IRS
because its reflective elements are co-located;ξvnl

= ξvn , ∀l.
However,ξvn depends on the IRS index (n) because geograph-
ically distributed IRS deployment.

B. Signal model

The signal transmitted byS reaches atD through the re-
flected channels ofN distributed IRSs and the direct channel.
The signal received atD can be written as

r =
√
P

(

u+
N∑

n=1

g
T
nΘnhn

)

x+ w, (5)

wherex is the transmitted signal atS satisfyingE
[

|x|2
]

=
1, P is the transmit power, andw is an additive white
Gaussian noise (AWGN) atD having zero mean and
variance of σ2

w such that w ∼ CN (0, σ2
w). In (5),

hn = [hn1, · · · , hnl, · · · , hnL]T ∈ CL×1 is the chan-
nel vector betweenS and the nth IRS, and gT

n =
[gn1, · · · , gnl, · · · , gnL] ∈ C

1×L accounts for the channel
vector between thenth IRS and D. Moreover, Θn =
diag

(

ηn1e
jθn1 , · · · , ηnlejθnl , · · · , ηnLejθnL

)

∈ CL×L is a
diagonal matrix, which captures the reflection properties of
the nth IRS. Here,ηnlejθnl is a complex-valued reflection
coefficient at thelth reflective element of thenth IRS, where
ηnl andθnl are the magnitude of attenuation and phase-shift,

respectively. Thus, the signal received atD in (5) can be
rewritten as

r =
√
P

(

u+
N∑

n=1

L∑

l=1

gnlηnle
jθnlhnl

)

x+ w. (6)

The SNR atD can be derived via (6) as

γ = γ̄

∣
∣
∣
∣
∣
u+

N∑

n=1

L∑

l=1

gnlηnle
jθnlhnl

∣
∣
∣
∣
∣

2

, (7)

where γ̄ = P/σ2
w is the transmit SNR. Then, by substituting

(1) and (3) into (7), this SNR can be written in terms of the
channel phases as

γ = γ̄

∣
∣
∣
∣
∣
αue

jθu+
N∑

n=1

L∑

l=1

ηnlαgnlαhnl
ej(θnl+θgnl

+θhnl
)

∣
∣
∣
∣
∣

2

. (8)

This analysis (8) reveals that the received SNR atD can be
maximized whenNL signal terms inside the summation of
(8) are constructively added to the signal component received
via the direct channel. By controlling the phase-shifts at each
IRS reflective element (θnl), the phases inside the double
summation in (8) can be adjusted to enable a constructive
addition of the received signal components via the direct
and reflected channels. Thus, the optimal choice ofθnl to
maximize the received SNR atD can be given by [10]

θ∗nl = argmax
−π≤θnl≤π

γ = θu − (θgnl + θhnl
) , (9)

for n ∈ {1, · · · , N} and l ∈ {1, · · · , L}. By using (9), the
optimal SNR atD can be derived as

γ∗ = γ̄

[

αu +
N∑

n=1

L∑

l=1

ηnlαgnlαhnl

]2

. (10)

III. PERFORMANCE ANALYSIS

A. Statistical characterization of the optimal received SNR

The αgnl
and αhnl

in (10) for n ∈ {1, · · · , N} and l ∈
{1, · · · , L} are independently distributed Nakagami random
variables, and hence, the exact derivations of the PDFs of

Y =
N∑

n=1

L∑

l=1

ηnlαgnlαhnl
andγ∗= γ̄[αu+Y

︸ ︷︷ ︸

R

]2 = γ̄R2, (11)

seem mathematically involved and may not provide design
insights. Nevertheless, even for moderately large values of
the productNL, Y can be tightly approximated by an one-
sided Gaussian distributed random variable (Ỹ ) by invoking
the central limit theorem [16]. Then, an approximated PDF
for Y can be written as [16] (see Appendix A)

fY (y) ≈ fỸ (y) =







ψ√
2πσ2

Y

exp
(

− (y−µY )2

2σ2
Y

)

, y ≥ 0,

0, y < 0,
(12)

whereψ , 1/Q (−µY /σY ) is a normalization factor to satisfy
∫

∞

−∞
fỸ (x)dx = 1, andQ(·) is the Gaussian-Q function [16].

In (12),µY andσ2
Y can be derived via the moment matching

technique as [16] (see Appendix A)

µY =

N∑

n=1

L∑

l=1

ηnl

√

ξhnξgn
mhmg

Γ (mh+1/2) Γ (mg+1/2)

Γ (mh) Γ (mg)
, (13a)

σ2
Y =

N∑

n=1

L∑

l=1

η2nl

(
ξhnξgn
mhmg

)
Γ (mh+1) Γ (mg+1)

Γ (mh) Γ (mg)
−µ2

Y , (13b)



where Γ(t) =
∫

∞

0
xte−xdx is the Gamma function [17,

8.310.1].
Then, a tight approximation of the PDF ofR in (11) or the

exact PDF of its approximatioñR = αu + Ỹ can be derived
as (see Appendix B)

fR(x) ≈ fR̃(x) = λe
−∆

(

x−µY
2σ2

Y

√
a

)2
2mu−1∑

k=0

(

2mu−1

k

)

×
(
x−µY
2σ2

Y

√
a

)2mu−1−k
[

Γ

(

k+1

2
,

(
x−µY
2σ2

Y

√
a

)2
)]

, (14)

where Γ(α, x) =
∫

∞

x
e−ttα−1dt is the upper incomplete

Gamma function [17, 8.350.2]. Here,a, λ, and∆ are

a=
mu

ξu
+

1

2σ2
Y

and λ =
mmu
u ψ

Γ(mu)ξ
mu
u amu

√
2πσ2

Y

, (15a)

∆=

(
1

2σ2
Y

− 1

4aσ4
Y

)

4σ4
Y a. (15b)

Thus, an approximation for the PDF ofγ∗ = γ̄R2 or the exact
PDF of γ∗ ≈ γ̃∗ = γ̄R̃2 of can be derived as [16]

fγ∗ (y)≈ fR̃

(√

y/γ̄
)

× 1

2
√
γ̄y
. (16)

Next, the CDF ofR̃ can be derived as (see Appendix C)

FR̃(x) = 1−
∫ ∞

x

fR̃(u)du = 1− λ

2amu

2mu−1∑

k=0

(

2mu−1

k

)

Ik, (17)

whereIk is given as

Ik =

{

Iok , odd k ,
Iek, evenk.

(18)

In (18), Iok is given by

Iok=







q(γo−1)!
2

γo−1∑

i=0

(∆+1)k/2−mu−i

i!
(2Γ (mu + i+ k/2)

−Γ
(
mu + i− k/2, (∆ + 1) l2min

))
, forx < µY ,

q(γo−1)!
2

γo−1∑

i=0

(∆+1)k/2−mu−i

i!

×Γ
(
mu + i− k/2, (∆ + 1) l2min

)
, forx > µY ,

(19)

whereq = 2σ2
Y

√
a, γo = (k + 1)/2, andlmin = (x− µY )/q.

Moreover,Iek in (18) can be given as

Iek =
q(γe − 1)!

2

γe−1∑

j=0

∆j−γe

j!

(

Γ

(
k + 1

2
, l2min

)

l2jmin (20)

×exp
(
−∆l2min

)
− Γ

(
j + k/2 + 1/2, (∆ + 1)l2min

)

(∆ + 1)j+k/2+1/2

)

,

whereγe = m − k/2. Then, the CDF ofγ∗ = γ̄R2 can be
approximated as [16]

Fγ∗ (y) = Pr (γ∗ ≤ y) ≈ FR̃

(√

y/γ̄
)

. (21)

Remark 1: The accuracy of the approximated PDF and CDF
of γ∗ is verified by plotting (16), (21) and the Monte-Carlo
simulations of the exact counterparts in Fig. 2 for different N
andL. Fig. 2 reveals that our analytical approximations for the
PDF (16) and CDF (21) ofγ∗ are accurate even for moderately
large number of reflective elements(L) at the IRS. Since IRSs
are typically made of cost-effective reflective elements [18], a
moderately largeN is practically feasible.
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Fig. 2. PDF and CDF of SNR (γ∗) for γ̄ = −10dB. The combinations ofN
andL for Case 1 to Case 5 are set to{N = 2, L = 32}, {N = 6, L = 32},
{N = 2, L = 64}, {N = 8, L = 32}, and{N = 2, L = 128}.

B. Outage probability

The probability that the instantaneous SNR falls below a
threshold SNR (γth) is defined as the SNR outage probability,
and a tight approximation to it can be obtained via (21) as

Pout = Pr (γ ≤ γth) ≈ Fγ∗(γth). (22)

C. Average achievable rate

The average achievable rate can be defined as follows:

R = E[log2 (1 + γ∗)] . (23)

Since the exact derivation ofR in (23) seems mathemat-
ically intractable, we resort to tight upper and lower bounds
by invoking the Jensens inequality as [19]

Rlb ≤ R ≤ Rub. (24)

In (24), Rlb andRub are defined as

Rlb = log2

(

1+(E[1/γ∗])
−1
)

≈ log2

(

1+(E[1/γ̃∗])
−1
)

, (25a)

Rub = log2 (1 + E[γ∗]) ≈ log2 (1 + E[γ̃∗]) . (25b)

The expectation term in (25b) can be approximately derived
as (see Appendix D-A)

E[γ∗] ≈ E[γ̃∗] = γ̄
(

σ2
u + σ2

Y + 2µuµY + µ2
u + µ2

Y

)

, (26)

whereµY andσ2
Y are defined in (13a) and (13b), respectively.

Moreover,µu andσ2
u are defined as

µu =
Γ (mu + 1/2)

Γ (mu)

(
ξu
mu

)1/2

, (27a)

σ2
u = ξu

(

1− 1

mu

(
Γ (mu + 1/2)

Γ (mu)

)2
)

. (27b)

Next, the expectation term in (25a) can be computed as

E[1/γ∗] ≈ E[1/γ̃∗] =
1

E[γ̃∗]
+

Var[γ̃∗]

(E[γ̃∗])3
, (28)

whereE[γ̃∗] is defined in (26). Here,Var[γ̃∗] is derived as
(see Appendix D-B)

Var[γ̃∗] = γ̄2
E

[

R̃4
]

− (E[γ̃∗])
2
, (29)

whereE
[

R̃4
]

is given by



Rlb = log2






1 +

γ̄
(
σ2
u + σ2

Y + 2µuµY + µ2
u + µ2

Y

)3

4∑

n=0

(
4
n

)Γ(mu+(4−n)/2)
Γ(mu)

(
ξu
mu

)(4−n)/2
ψ

2
√
π

n∑

i=0

(
n
i

)
(2σ2

Y )
(n−i)/2 µiY I

(

n− i, −µY

2σ2
Y

)







(34)

Rub = log2
(

1 + γ̄
(

σ2
u + σ2

Y + 2µuµY + µ2
u + µ2

Y

))

(35)

Fig. 3. The outage probability forN ∈{1, 2, 4, 6, 8}, L=32, andγth=0 dB.

E

[

R̃4
]

=

4∑

n=0

(

4

n

)

E

[

α(4−n)
u

]

E

[

Ỹ n
]

. (30)

Here,E[αn
u] for n ∈ {1, 2, 3, 4} can be derived as

E[αnu] =
Γ (mu + n/2)

Γ (mu)

(
ξu
mu

)n/2

. (31)

Moreover,E
[

Ỹ n
]

for n ∈ {1, 2, 3, 4} is given by

E

[

Ỹ n
]

=
ψ

2
√
π

n∑

i=0

(

n

i

)(√

2σ2
Y

)n−i
µiY I

(

n−i, −µY
2σ2

Y

)

, (32)

whereI(·, ·) is given as

I(m, t)=

{

(−1)mγ
(
m+1

2
, t2
)
+ Γ

(
m+1

2

)
, for t ≤ 0,

Γ
(
m+1

2
, t2
)
, otherwise,

(33)

where γ(α, x) =
∫ x

0
e−ttα−1dt is the lower incomplete

Gamma function [17, 8.350.1]. Finally,Rlb andRub can be
derived as (34) and (35), respectively.

IV. N UMERICAL RESULTS

The large-scale fading is modeled asζab = (d0/dab)
ν ×

10ϕab/10, wherea ∈ {S, n}, b ∈ {n,D}, dab is the distance
between nodesa and b, d0 = 1m is a reference distance,
ν = 2.8 is the path-loss exponent, and10ϕab/10 captures
log-normal shadow fading withϕab ∼ (0, 8) [20]. In the
system topology,S andD are in positioned at fixed locations
and 1200m apart from each other. The IRSs are randomly
distributed over an area of1000 × 2000m2. Moreover, the
amplitude of reflection coefficientsηnl for n ∈ {1, · · · , N}
and l ∈ {1, · · · , L} is set to 0.9, and the Nakagami-m
parameters (mu, mh, andmg) are set to 3.

In Fig. 3, the outage probability is plotted as a function of
the average transmit SNR (γ̄) for a distinct set of distributed
IRS defined byN ∈ {1, 2, 4, 6, 8}. The exact outage curves

Fig. 4. The average achievable rate forN ∈ {1, 2, 4, 6, 8} andL = 32.

are generated via Monte-Carlo simulation, while the analytical
counterparts are plotted by using our closed-form derivation
in (22). Fig. 3 clearly reveals that the tightness of our outage
probability approximation significantly improves withN . The
distributed IRS deployment outperforms the single-IRS set-up.
For instance, to achieve an outage probability of10−4, the
single-IRS set-up requires an average transmit SNR of1dB,
which is an104.2% increase compared to the transmit SNR
requirement of the distributed deployment with eight IRS.

In Fig. 4, the average achievable rate is plotted forN ∈
{1, 2, 4, 6, 8} and compared it with the rate provided by the
direct channel solely. The rate lower/upper bounds are plotted
by using (25a) and (25b), respectively, and their accuracy is
validated via Monte-Carlo simulation of the exact achievable
rate. Fig. 4 clearly depicts that our lower/upper bounds are
tight even for smallerN . Fig. 4 reveals that the number of
distributed IRS higher the achievable rate. Moreover, Fig.
4 quantifies the achievable rate gains of IRS deployments
compared to the direct transmission. For example, at an
average transmit SNR of−10dB, a single-IRS (N = 1)
case provides a rate gain of80.7% compared to the direct
transmission. Moreover, this rate gain increases to182.5%,
266.2%, and405.9% for dual-, quadruple-, and octuple-IRS
cases, respectively, with respect to the direct channel.

V. CONCLUSION

The optimal SNR that is achievable via a distributed IRS-
aided communication set-up has been derived and statistically
characterized by deriving the tight approximations to the
PDF and CDF for Nakagami-m fading. Thereby, the outage
probability and achievable rate approximations/bounds have
been derived in closed-form. A rigorous set of Monte-Carlo
simulations has been presented to validate the accuracy of our



analysis. Our numerical results reveal that distributed IRS set-
ups can be used to significantly enhance the performance of
future wireless communications.

APPENDIX A
THE DERIVATION OFµY IN (13a),σ2

Y IN (13b),AND PDF OF

Y IN (12)

First, we defineY =
∑N

n=1

∑L
l=1 ηnlznl, where znl =

αhnl
αgnl

. Sinceαhnl
andαgnl

are independent Nakagami-m
variables, the PDF ofznl can be evaluated as

fznl(x) =

∫ ∞

0

fαhnl
(u)fαgnl

(x/u)× 1

|u|du (36)

= αx2mg−1

∫ ∞

0

u2(mh−mg)−1e
−mhu2

ξhn
− mgx2

ξgnu2 du

(a)
=
α

2
x2mg−1

∫ ∞

0

tmh−mg−1e
−mht

ξhn
−mgx2

ξgnt dt

(b)
= α′xmh+mg−1Kmh−mg

(

2x

√
mhmg

ξhnξgn

)

,

whereα = 4mmh

h m
mg
g /

(

Γ(mh)Γ(mg)ξ
mh

hn
ξ
mg
gn

)

and α′ =

α (mgξhn/mhξgn)
(mh−mg)/2. Moreover,Kv(·) is the Modi-

fied Bessel function of second kind [17, 8.407]. The step (a)
is obtained by lettingt = u2, and the step (b) is computed
by using [17, 3.471.9]. Then, thenth moment ofznl can be
derived as follows:

E[znnl] = α′
∫ ∞

0

xmh+mg+n−1Kmh−mg

(

2x

√
mhmg

ξhnξgn

)

dx (37)

(c)
=
α′

4

(
mhmg

ξhnξhn

)−mh−mg−n+1

2

Γ

(
2mh + n

2

)

Γ

(
2mg + n

2

)

,

where the step (c) is written by using [17, 6.561.16]. Then,
the mean and the variance ofY can be given as

µY = E[Y ] =
N∑

n=1

L∑

l=1

ηnlE[znl] , (38a)

σ2
Y = Var[Y ] =

N∑

n=1

L∑

l=1

η2nl
(
E
[
z2nl
]
− E[znl]

2
)
. (38b)

By substituting (37) into (38a) and (38b),µY andσY can be
computed as (13a) and (13b), respectively. Then, the PDF of
Y can be approximated by an one-sided Gaussian distribution
as given in (12) by invoking the central limit theorem [16].

APPENDIX B
THE DERIVATION OF PDF OF R̃ IN (14)

Sinceαu andY are independent random variables, the PDF
of R̃ = αu + Ỹ can be derived as follows:

fR̃(x) =

∫ ∞

0

fu(u)fỸ (x− u)du (39)

= 2amuλe
− (x−µY )2

2σ2
Y

∫ ∞

0

u2mu−1e−au
2+budu

= 2amuλe
− (x−µY )2

2σ2
Y e

b2

4a

∫ ∞

0

u2mu−1e
−a
(

u− b
2
√

a

)2

du

︸ ︷︷ ︸

I
R̃

,

whereb = (x − µY )/σ
2
Y . Here,a andλ are defined in (15a)

and (15a), respectively. The solution to (39) is given by

IR̃ =
1

amu

∫ ∞

−b
2
√

a

(

t+
b

2
√
a

)2mu−1

e−t
2

dt (40)

=
1

amu

2mu−1∑

k=0

(

2mu−1

k

)(
b

2
√
a

)2mu−1−k ∫ ∞

−b
2
√

a

tke−t
2

dt

(d)
=

1

2amu

2mu−1∑

k=0

(

2mu−1

k

)(
b

2
√
a

)2mu−1−k

Γ

(
k+1

2
,
b2

4a

)

,

where the step (d) is due to [17, 2.33.10]. By substituting(b)
and (40) into (39), the PDF of̃R is derived as (14).

APPENDIX C
THE DERIVATION OF CDF OF R̃ IN (17)

By substituting (14) into (17),Ik in (17) can be given as

Ik=

∫ ∞

x

e
−∆

(

u−µY
q

)2
(
u−µY
q

)2mu−1−k

Γ

(

k+1

2
,

(
u−µY
q

)2
)

du

(e)
= q

∫ ∞

lmin

e−∆t2t2mu−1−kΓ

(
k + 1

2
, t2
)

dt, (41)

where q = 2σ2
Y

√
a, lmin = (x − µY )/q, and the step (e)

is written by changing the variable of integration. Then, we
divide Ik into two integrals: (i)Iok for odd values ofk and (ii)
Iek for even values ofk. Thus, for odd values ofk and when
x− µY < 0, this integral can be written as

Iok = q

∫ 0

lmin

e−∆t2t2mu−1−kΓ

(
k + 1

2
, t2
)

dt

︸ ︷︷ ︸

Io
k1

+q

∫ ∞

0

e−∆t2t2mu−1−kΓ

(
k + 1

2
, t2
)

dt

︸ ︷︷ ︸

Io
k2

. (42)

Then, the first integralIok1 in (42) can be computed as

Iok1
(f)
=

∫ −lmin

0

e−∆y2y2mu−1−kΓ

(
k + 1

2
, y2
)

dy (43)

(g)
= (γo−1)!

γo−1∑

i=0

1

i!

∫ −lmin

0

e−(∆+1)y2y2mu−1−kdy

(h)
=

(γo−1)!

2

γo−1∑

i=0

(∆+1)k/2−mu−i

i!

∫ l2min(∆+1)

0

vmu+i−k/2e−vdv

(i)
=

(γo−1)!

2

γo−1∑

i=0

(∆+1)k/2−mu−i

i!
γ

(

mu+i− k

2
, (∆+1)l2min

)

,

where the step (f ) and step (h) are obtained by substitutingt =
−y andv = (∆+1)y2, respectively. The step (g) is computed
via the fact thatΓ(n, x) = (n − 1)!e−x

∑n−1
m=0 x

m/m! [17,
8.352.7]. The step (i) is written by using [17, 8.350.1]. The
second integralIok2 in (42) can be computed as

Iok2 =

∫ ∞

0

e−∆t2t2mu−1−kΓ

(
k + 1

2
, t2
)

dt (44)

(j)
= (γo − 1)!

γo−1
∑

i=0

1

i!

∫ ∞

0

t2mu+2i−1−ke−(∆+1)t2dt

(k)
=

(γo − 1)!

2

γo−1∑

i=0

(∆ + 1)k/2−mu−i

i!
Γ

(

mu + i− k

2

)

,



where the step (j) is derived via a similar technique used in the
step (g), and the step (k) is evaluated by using [17, 2.33.10].
Then, forx− µY > 0, Iok can be calculated as

Iok =

∫ ∞

lmin

e−∆t2t2mu−1−kΓ

(
k + 1

2
, t2
)

dt (45)

= (γo − 1)!

γo−1∑

i=0

1

i!

∫ ∞

lmin

t2mu+2i−1−ke−(∆+1)t2dt

=
(γo−1)!

2

γo−1∑

i=0

(∆+1)k/2−mu−i

i!
Γ

(

mu+i− k

2
, (∆+1)l2min

)

.

By combining (42) and (45),Iok can be derived as (19). Then,
for even values ofk, the integral in (41) can be evaluated as

Iek = q

∫ ∞

lmin

e−∆t2t2mu−1−kΓ

(
k + 1

2
, t2
)

dt (46)

(l)
=

(γe − 1)!

2

γe−1
∑

j=0

[

− e−∆t2t2j

j!∆γe−1
Γ

(
k + 1

2
, t2
)]∞

lmin

−(γe − 1)!

γe−1∑

j=0

∆γe−1

j!

∫ ∞

lmin

tk+2je−(∆−1)t2dt

=
(γe − 1)!

2

γe−1
∑

j=0

e−∆l2min l2jmin
j!∆γe−1

Γ

(
k + 1

2
, l2min

)

− (γe − 1)!

2

γe−1∑

j=0

∆γe−1

j!

Γ
(
j + k

2
+ 1

2
, (∆ + 1)l2min

)

(∆ + 1)j+k/2+1/2
,

where the step (l) is obtained by using the part-by-part
integration technique.

APPENDIX D

A. The derivation of expectation ofγ̃∗ in (26)

The expectation term in (26) can be computed as

E[γ̃∗]=E

[

γ̄R̃2
]

= γ̄E
[

(αu+Ỹ )2
]

= γ̄
2∑

n=0

(

2

n

)

E

[

α(2−n)
u

]

E

[

Ỹ n
]

= γ̄
(
σ2
u + µ2

u + σ2
Y + µ2

Y + 2µuµY
)
, (47)

whereµY , σ2
Y , µu, andσ2

u are given in (13a), (13b), (27a),
and (27b), receptively.

B. The derivation of variance of̃γ∗ in (29)

The first expectation term in (29) can be evaluated as

E

[

R̃4
]

= E

[

(αu + Ỹ )4
]

=
4∑

n=0

(

4

n

)

E

[

α(4−n)
u

]

E

[

Ỹ n
]

. (48)

Thus, the nth moment of αn
u denoted byE[αn

u] can be
computed as

E[αnu] =

∫ ∞

0

xnfu(x)dx (49)

=
2mmu

u

Γ(mu)ξ
mu
u

∫ ∞

0

x2mu+n−1e
−mux2

ξu dx

(m)
=

ξ
n/2
u

Γ(mu)m
n/2
u

Γ (mu + n/2) ,

where the step (m) is evaluated by using [17, 2.33.10]. Then,
E

[

Ỹ n
]

can be derived as

E

[

Ỹ n
]

=
ψ

√
2πσ2

Y

∫ ∞

0

yne
− (y−µY )2

2σ2
Y dy (50)

(n)
=

ψ√
π

∫ ∞

−µY√
2σ2

Y

(√

2σ2
Y t+ µY

)n

e−t
2

dt

(o)
=

ψ

2
√
π

n∑

i=0

(

n

i

)(√

2σ2
Y

)n−i

µiY I

(

n− i,
−µY
2σ2

Y

)

,

where the step (n) is due to a changing of variable, and the

step (o) is obtained by expanding
(

√

2σ2
Y t+ µY

)n

based on

n value. Moreover,I(·, ·) is given in (33).
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