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Abstract—In this paper, the performance of a distributed
intelligent reflective surface (IRS)-aided communicationsystem
is investigated. To this end, the optimal signal-to-noise atio
(SNR) achievable through the direct and reflected channels
is quantified by controlling the phase-shifts of the distrituted

IRS. This optimal SNR is statistically characterized by deiving Source(S) Destination(D)
tight approximations to the exact probability density function
and cumulative distribution function for Nakagami-m fading. Fig. 1. System model - A distributed IRS-aided communicaset-up

Thereby, the outage probability and achievable rate boundsre : ; ;
derived in closed-form, and they are validated via Monte-Cdo techniques are explored to boost the physical layer sgcurit

simulations. Our numerical results reveal that the distributed @SPeCts of wireless communications. In [15], the perforrean
IRS-aided communication set-ups can boost the outage andtea Of IRS-enabled wireless energy harvesting is investigated

performance of wireless systems. Motivation and our contribution: A common attribute of
the above related prior research [1], [5], [6], [8]-[14] st
|. INTRODUCTION their system models consist of a single IRS. However, the

Recently, a novel concept of coating physical objects sucbncept of IRS was originally envisioned to coat physical
as building wall and windows within a wireless propagatioobjects distributed within a wireless propagation chanfiel
medium with intelligent reflective surfaces (IRSs), whi@nc this end, the fundamental performance metrics of a didgibu
interact with electromagnetic (EM) waves, has emerged [1]RS-aided communication set-up have not yet been explored.
[4]. By invoking the recent research developments of met@e fill this important gap in IRS literature, in this paper,
surfaces [5]-[7], the feasibility of synthesizing the IR&sh we present a statistical characterization of the end-tb-en
been explored [1]. An IRS consists of a large number @fptimal SNR and the corresponding performance metrics of
passive reflective elements, which can introduce contilgla a distributed IRS-aided system operating over Nakagami-
phase-shifts to incident EM waves. These phase-shifts dading. Specifically, the optimal SNR is tightly approxiradt
be intelligently controlled to enable a constructive aiddit by using a mathematically tractable counterpart via théraén
of EM waves at a desired destination and thereby boostifgit theorem because the optimal counterpart does not seem
the signal-to-noise ratio (SNR) of the end-to-end commurte be amenable to closed-form characterization of the perfo
cation. Moreover, the IRS enables recycling of EM waveasiance metrics. Then, the exact probability density fumctio
without generating additional signals via radio-freque(RF) (PDF) and cumulative distribution function (CDF) of this
chains/amplifiers and thus enhancing the energy efficieneypproximated optimal SNR are derived. Thereby, the outage
Thus, the concept of IRS has a great potential of unveilingobability approximation and lower/upper bounds for the
a paradigm-shift on how a controllable/smart wireless propchievable rate are derived in closed-form. The accuracy of
agation can be exploited by wireless designers to reach th& analysis is verified via Monte-Carlo simulations, and a
ultimate performance limits. set of rigorous numerical results is presented to invelgiga
Prior related research: In [1], [8], the core architectural the performance of the distributed IRS-aided communioatio
aspects of IRSs for wireless communications have been &ystem. Our results reveal that a distributed deployment of
plored. In [5], [6], prototypes of meta-surfaces and metdRS can be exploited to boost the outage performance and
tiles that can be used to coat objects embedded withinaehievable rate compared to the direct transmission aresin
smart wireless propagation environment have already be®&S$-aided set-ups.
developed. In [9], the ray-tracing techniques are used Motation: x” denotes the transpose ®f E[X] and Var[X]
develop novel propagation/path-loss models for IRS-tssisrepresent the expectation and variance of a random variable
wireless communications. In [10], [11], the joint optimiman  (RV) X, respectively.X ~ N(ux,ag() denotes thatX is
of precoders at the base-station and phase-shifts at thésIR&aussian distributed with x mean and-3, variance.
investigated. In [12], the fundamental performance metat
IRS-assisted communication systems operating over Reylei
fading are derived. Reference [13] explores the feagbili®®- System and channel model
of exploiting statistical channel state information (C$b) We consider a distributed IRS-assisted communication sys-
optimize phase-shift designs at the IRS to maximize them in which a single-antenna sourc€) (serves a single-
achievable spectral efficiency. In [14], the novel IRS-dideantenna destinatioriD) through N distributed IRSs, each

Il. SYSTEM, CHANNEL AND SIGNAL MODELS



having L passive reflective elements (see Fig. 1). It is assumeabpectively. Thus, the signal received @Atin (5) can be

that the phase-shifts at the IRS reflective elements can reevritten as

intelligently controlled such that the received signallatan

be constructively added. <
The direct channel betweef and D is denoted byu,

while the channel betwee$i and thelth reflective element of ~ The SNR atD can be derived via (6) as

the nth IRS is representefl,,;, respectively. Moreovey,,; is

used to denote the channel between lthereflective element T=aut Z Zgnm 1" | ™

of the nth IRS andD. All channel envelopes are assumegyherey = P/o2 is the transm|t SNR. Then, by substituting

to be independent Nakagami-distributed, wheren is the (1) and (3) into (7), this SNR can be written in terms of the
shape parameter. Nakagami model can capture a wide-ragggnnel phases as

of fading scenarios including Rayleigh, Rician and onexdid
Gaussian by varyingn. The direct channekd) can be written =7|a 99“+Z Znnlagnlahnl (0140, +0n,,,) (8)
n=1[l=1

in its polar form as

This analysis (8) reveals that the received SNRDatan be
maximized whenN L signal terms inside the summation of
(8) are constructively added to the signal component redeiv
via the direct channel. By controlling the phase-shiftsathe

N L
u+ Z Z g7bl777Llej9nl hnl) T+ w. (6)

n=11=1

2

u = o e (1)
whereq,, is the envelope ofi, andd, is the phase ofi. The
PDF of «,, is given by [16]

Moy ., 2Mq, —1 2 R . .
fou(z) = Mem (i) (2 IRS reflective elementd(,;), the phases inside the double
I (mu)&u Su summation in (8) can be adjusted to enable a constructive
where m,, is the shape parameter, ad = m,(, iS addition of the received signal components via the direct

the scaling parameter. Heré, accounts for the large-scaleand reflected channels. Thus, the optimal choiced,of to

fading/path-loss of the channel. Similarly, ti$eto-IRS and maximize the received SNR d can be given by [10]

IRS-to-D channels can be defmeed as 07, = argmax v =0y — (0, +0n,,), 9)
Ul = avnleﬂ Unt (3) — <O, <7

g forne{l-.- Njandl e {1,---,L}. By using (9), the

wherev € {h, g}. Moreover,«, _, is the envelope of,,;, an
v € {h.g} Yo P : optimal SNR atD can be denved as

0., is the phase. Then, the PDF af,, is given as follows: )

Qm:m” x2mu —1 —1‘2 _
Ja, (%) = —F—<zm—exp | — |, 4) =7 Ml Qg Oy | - (10)
i T (.)€, €on ZZ S
wherem,,,, = m, and¢,,, = my,, Gy, = &, are the shape I1l. PERFORMANCE ANALYSIS

and scaling parameters, respectively. Here, it is assufredd t

large-scale fading parameters are the same for a glven “QSStatlstwaI characterization of the optimal receivedRSN
because its reflective elements are co-locaggd;= &, , Vi. The oy, and ay,,,, in (10) forn € {1,--- ,N} andl €
However,, depends on the IRS index)because geograph—{l, -+, L} are independently distributed Nakagami random

ically distributed IRS deployment. variables, and hence, the exact derivations of the PDFs of
N L

B. Signal model V=" nuag, an,, andy =7la,+Y]* = 5R?,  (11)
The signal transmitted by reaches aD through the re- n=li=1

flected channels ol distributed IRSs and the direct channeS8M mathematically involved and may not provide design
The signal received ab can be written as insights. Nevertheless, even for moderately large valdes o

the productN L, Y can be tightly approximated by an one-

N
r=+vVP (u + ngenhn> T+ w, (5) sided Gaussian distributed random variabig py invoking
n=1 the central limit theorem [16]. Then, an approximated PDF
wherez is the transmitted signal & satisfyingE[|z|?] = for Y can be written as [16] (see Appendix A)

1, P is the transmit power, andv is an additive white » (y—piy)
Gaussian noise (AWGN) atD having zero mean and  f (y)~ fy(y) = VT P (_ 203 )’ y =0, (12)

~ =

variance of 02 such thatw ~ CN(0,02). In (5), 0, y <0,

h, = [hn1,  hut, - hop]t € CEXL is the chan Whereq/)_l/Q( uy/oy)|sanormallzat|on factor to satisfy
nel vector betweenS and the nth IRS, andgZ = [°._ fy(z)dz =1, andQ(:) is the Gaussia function [16].
[Gn1, s Gt »9nr] € CYL accounts for the channelln (12) /LY andco? can be derived via the moment matching
vector between thenth IRS and D. Moreover, ®, = technique as [16] (see Appendix A)

diag (1, 1edfnt .. s el nnLejenL € CL*L js a

dlagtgnal matrix, WhICh captures the ref)lectlon properties 0 py = Zznn $hnSon th+1/2)r(mg+1/2), (13a)
the nth IRS. Here,n,;e’’ is a complex-valued reflection n=11=1 1t [ (mn) T (my)

coefficient at theth reflective element of theth IRS, where il \ T (mp+1)T (mg+1) o
UY Zznnl mumg T

nne andé,,; are the magnitude of attenuation and phase-shift, e T (mm) T (mg) 10 (13b)



where I'(t) = [*a'e*dz is the Gamma function [17,

8.310.1].
Then, a tight approximation of the PDF &fin (11) or the

exact PDF of its approximatioR® = a, + Y can be derived
as (see Appendix B)

— My 22mu71
fr(@) = fr(®) = Ae »(5%) > <2m2_1>
k=0
2m,—1—k 9
TPy " k+1 [(z—py
X <2g§,\/5) F<—2 ,(205/\/5) )} , (14)

—tta=1dt is the upper incomplete

where T'(a,z) = [Te
Gamma function [17, 8.350.2]. Here, A\, and A are
Mo 1 my
+ — and A\ = , (15a
‘= §u oy T(mu)éna™u /2n0% (152)
(15b)

O S
A= <20’§2, 4aa’§£) dova.
Thus, an approximation for the PDF ¢f = A R? or the exact
PDF of v* =~ #* = ¥R? of can be derived as [16]

— 1
fr ) = fr (vy/v) X W

Next, the CDF ofR can be derived as (see Appendix C)

(16)

oo A e om, -1
Fa(z)=1- L Falu)du = 1— 5= kz_o ( . >1k, 17)
where}, is given as
n-{i &
In (18), I} is given by
q(% 1! OZ (A+1)’“/2 Tl (2T (m + i + k/2)
—TI (mu + i—k/2,(A+1)1,)), fore < py, (19)

O Yo b agyk/2—mu—i
a(vo—1)! /20 (A+1) -
xT' (mu +1—k/2,(A+ l)l?m-n) , forz > py,

whereq = 20%-\/a, v, = (k+1)/2, andlin = (z — py ) /q.
Moreover,/; in (18) can be given as
—1 .
e_q(’ye—l)!ﬂ/e AT e k+1 o

D(G+k/2+1/2,(A+1)2,,)
(A 4 1)d+k/2+1/2

2j
lmzn

(20)

)

Jj=0

Xexp (—Alfm-n) -

wherevy. = m — k/2. Then, the CDF ofy* = ¥R? can be

approximated as [16]
Pr(y" <y)~

(Vi)

B.

threshold SNR+;;,) is defined as the SNR outage probability,
and a tight approximation to it can be obtained via (21) as

by invoking the Jensens inequality as [19]
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Fig. 2. PDF and CDF of SNRy(") for ¥ = —10dB. The combinations aiV
and L for Case 1 to Case 5 are setf{t&/ =2, L = 32}, {N =6, L = 32},
{N=2,L=64}, {N =8,L =32}, and{N =2, L = 128}.

Outage probability
The probability that the instantaneous SNR falls below a

Pout = P’r (7 S ’Yth) ~ Fw* ('Vth)- (22)

C. Average achievable rate

The average achievable rate can be defined as follows
R = Ellog, (1 +~7)]. (23)

Since the exact derivation d® in (23) seems mathemat-

ically intractable, we resort to tight upper and lower bosind

Riv <R < Rub- (24)

In (24), R;, andR,,;, are defined as
Rip =logy (1+(E[1/7"]) ") ~log, (1+(E[1/7]) "), (259)
Rup =log, (1 +E[y"]) = log, (1 +E[7]). (25b)

The expectation term in (25b) can be approximately derived

as (see Appendix D-A)
E[y] = E[y*] = 7 (05 + 0% + 2papy + pi + 4y , (26)

whereyuy ando? are defined in (13a) and (13b), respectively.
Moreover,u,, ando? are defined as

~
~

_D(mu+1/2) (&)
() e
s 12))

T (muw)

ezn

AT =BT Bt

Fy-(y) = hS
Remark 1: The accuracy of the approximated PDF and CDNext, the expectation term in (25a) can be computed as
1 Var[¥*] 28)

of ~* is verified by plotting (16), (21) and the Monte-Carlo
simulations of the exact counterparts in Fig. 2 for différéh
andL. Fig. 2 reveals that our analytical approximations for th@here E[7*] is defined in (26). HereVar[y*] is derived as
PDF (16) and CDF (21) of* are accurate even for moderatelysee Appendix D-B)

varli'] = E[R*] - (B[

large number of reflective elemer(ts) at the IRS. Since IRSs
are typically made of cost-effective reflective elemeng][a

moderately largeV is practically feasible.

D%, (29)

whereE {Rﬂ is given by



"7(0- +0'Y +2MuNY +Mu +My)

Rlb - lOgQ 1+ 1 (4—n)/2 /2 (34)
(R () 2 1 0 @on) " (00 2)
Rup = logy (147 (02 + 0% + 2pupy + 42 + 1i3)) (35)
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Fig. 3. The outage probability fo¥ € {1, 2,4, 6,8}, L =32, and~;, =0dB. Fig. 4. The average achievable rate fére {1,2,4,6,8} and L = 32.

are generated via Monte-Carlo simulation, while the aizdyt

4
E[R‘*] = Z <4>E[ag47l)] E[{ﬂl} ) (30) counterparts are plotted by using our closed-form deovati
n=o \" in (22). Fig. 3 clearly reveals that the tightness of our gata
Here,E[a?] for n € {1,2,3,4} can be derived as probability approximation significantly improves wifki. The
v Tlmat+n/2) [ €0 \"? distributed IRS deployment outperforms the single-IRSuget
Elau] = T Tma) <mu> (1) For instance, to achieve an outage probability16f 4, the

single-IRS set-up requires an average transmit SNRdi,
which is an104.2% increase compared to the transmit SNR

Moreover,E 17"} for n € {1,2,3,4} is given by
ol Y s~ (n 7\ Ty requirement of the distributed deployment with eight IRS.
]E[Y ] - 2\/%2_:0(2) (./20,,) ,uyI<n i 5oz ) (32) _ _ .

In Fig. 4, the average achievable rate is plotted fore
{1,2,4,6,8} and compared it with the rate provided by the
direct channel solely. The rate lower/upper bounds aregqalot
I(m, 1) = (=)™ (=, 2) + T (3, fort <0, (33 by using (25a) and (25b), respectively, and their accuracy i

’ L (2 2), otherwise validated via Monte-Carlo simulation of the exact achidgab

where v(a,z) — me e~tta=1dt is the lower incomplete r_ate. Fig. 4 clearly depicts that our lower/upper bounds are

Gamma function [17, 8.350.1]. Finallg;, and R, can be tlght. even for smgllerN. Fig. 4 Te"ea's that the number OT
. : distributed IRS higher the achievable rate. Moreover, Fig.
derived as (34) and (35), respectively.

4 quantifies the achievable rate gains of IRS deployments
IV. NUMERICAL RESULTS compared to the direct transmission. For example, at an
The large-scale fading is modeled as, = (do/day)” average transmit SNR of10dB, a single-IRS § = 1)

109/10 wherea € {S,n}, b € {n, D}, du is the distance case provides a rate gain 80.7% compared to the direct
between' nodes, and b7 do’ _ 1m7iS a rgference distance transmission. Moreover, this rate gain increased §2.5%,

v — 2.8 is the path-loss exponent, arid#=/1° captures 266.2%, and405.9% for dual-, quadruple-, and octuple-IRS
log-normal shadow fading withp,;, N (0,8) [20]. In the cases, respectively, with respect to the direct channel.
system topologysS and D are in positioned at fixed locations

and 1200 m apart from each other. The IRSs are randomly
distributed over an area df000 x 2000 m?2. Moreover, the  The optimal SNR that is achievable via a distributed IRS-

wherel(-,-) is given as

V. CONCLUSION

amplitude of reflection coefficients,, for n € {1,---,N} aided communication set-up has been derived and staliigtica
andl € {1,---,L} is set t00.9, and the Nakagami» characterized by deriving the tight approximations to the
parametersi,,, my, andm,) are set to 3. PDF and CDF for Nakagami: fading. Thereby, the outage

In Fig. 3, the outage probability is plotted as a function gérobability and achievable rate approximations/boundee ha
the average transmit SNRy)(for a distinct set of distributed been derived in closed-form. A rigorous set of Monte-Carlo
IRS defined byN € {1,2,4,6,8}. The exact outage curvessimulations has been presented to validate the accuraayrof o



analysis. Our numerical results reveal that distributed Het-

ups can be used to significantly enhance the performance of 1 oo bo\Z™l
future wireless communications. Ip=—0 / (t ﬂ) dt (40)
\/_
APPENDIXA 1 27nuj1 9 1 p \2mu—l-k roo ,
THE DERIVATION OF iy IN (13a),0% IN (13b),AND PDFOF = — Z ( mz— ( ) / o=t gt
Y IN (12) am 1 2V/a ==
First, we definey = S S°F 5,12, wherez,, = @ 1 z"fl 2y —1 ( b )2’"““} <k+1 ﬁ)
an,,Qg,,- Sinceay,,, anda,,, are independent Nakagami- 2amu L= k 2V/a 2 "da)’
variables, the PDF of,,; can be evaluated as where the stepd) is due to [17, 2.33.10]. By substituting)
fori (z / fan, , (W) fag,, (2/u) x ﬂ (36) and (40) into (39), the PDF ok is derived as (14).
o mpu?  mge APPENDIXC 3
= aﬂ”rl/ w2 =me) =1 T TE T T ey uT gy THE DERIVATION OF CDF OF R IN (17)
0

e w2 By substituting (14) into (17)/x in (17) can be given as

(a) X om,— o mp—mg—1_7 T Egnt -
= §x2 g 1L ¢ Lo Enn  Eont gt Ik_/zoA(quY)2<u_’uy)2mu 1k <]€—|—1 (U—,uy)2> "
v q 2 '\ ¢
(2 Oélxmh+7ngill<:7nh’—mg <2$ mpMyg ) , - . o
Ehnan g)q/ oAt t2mu717k1—w< u ,t2> dt. (41)

where a = 4m;?hm;n9/ (F(mh)F(mg) ZZ’I ;Z“’) and o/ = lmin
o (mgén, /mnt,, )™~ ™)/% Moreover,K,(-) is the Modi- whereq = 202/a, lmin = (z — py)/q, and the stepé)
fied Bessel function of second kind [17, 8.407]. The st@p (is written by changing the variable of integration. Then, we
is obtained by letting = u?, and the stepbj is computed divide I}, into two integrals: (i)I2 for odd values ofc and (i)
by using [17, 3.471.9]. Then, theth moment ofz,, can be I for even values ok. Thus, for odd values of and when

derived as follows: x — py < 0, this integral can be written as
o 0
Elzp] = o// AR Ry GRS (2:0 —mhmg) dx (37) I = q/ e~ At 2mu—1-kp (—k * 1,t2) dt
0 Ennéon Lyvin 2
, 77nh7mg7n+1 M
@g(m;mw) 2 F(th+n)r<2m9+n> I
4 \&n,&n, 2 2 7 +q /‘°° efAt2t2m“717kF (—k +1 t2) dt. (42)
where the stepd] is written by using [17, 6.561.16]. Then, 0 2
the mean and the variance Bf can be given as 2o
N L Then, the first integral?, in (42) can be computed as
py =E[Y] = Z ZnnlE[an] ) (38a) k1

—lmin
e It (i)/ T <—k;1,y2) dy (43)
0

oy =VarlY] = ZZW [221] —E[zw]?).  (38b) 0 IST
n=11=1 (o —1! Z dy

By substituting (37) into (38a) and (38h)y andoy can be

computed as (13a) and (13b), respectively. Then, the PDF of(x) (o —D)! i:l(AJrl)mm“’/ m;}iﬁfﬁ) k2o g

Y can be approximated by an one-sided Gaussian distribution 2 = 7! 0

as given in (12) by invoking the central limit theorem [16]. 0 (o= 1)1 1 (A+1)’“/2 - i +i—E Ny
APPENDIX B ) il T\ 2 min |5

=0
where the stepf() and step §) are obtained by substitutinig=
Sincea,, andY” are independent random variables, the PDEy andv = (A +1)y?, respectively. The steg) is computed
of R =a, + Y can be derived as follows: via the fact thatl'(n, :c) = (n—1)le " ZZ:O ™ /m! [17,
8.352.7]. The stepi) is written by using [17, 8.350.1]. The

THE DERIVATION OF PDFOF R IN (14)

s(z) = w(u) fy(x —u)d 39 . .
T(®) 0 f W)y (2 = w)du (39) second integralp, in (42) can be computed as
(e—py)? oo oo
A A fto= [Tt (S a (44)
0 0
_(@—pny)? oo 2 Yo}
=2a™ e Y eg/ u2m“71e7a(u7%) du é o= 1)! Z |/ {2t 21k (A4 gy
0 7 i

Iy ) (’Yo _ 1)| 'Yoz:l (A + 1)k/27mquF <m il E)
whereb = (z — py)/o%. Here,a and X are defined in (15a) B 2 P i “ 2)

and (15a), respectively. The solution to (39) is given by



where the stepj{ is derived via a similar technique used in the
step ), and the stepk() is evaluated by using [17, 2.33.10].
Then, forz — py > 0, I7 can be calculated as

i X k+1
11?:/ o At% 2my —1—kn (%7152) dt
.

S

(7o = 1)! Z T
i=0

o= DI~(A+ DT

2 . 7!
=0

(45)

/ t2mu+2i—1—ke—(A+1)t2dt
1

min

r (i g D ).

By combining (42) and (45)/¢ can be derived as (19). Then,
for even values of;, the integral in (41) can be evaluated as

oo
Ii = q/ oAM=k (—k ;’ 1,t2) dt
i

min

(46) [1]

® (%—1)!%27:1 LA k1 o\
2 | A 2 )], (21
Ye—1 e—1 oo
om0 30 S [ e ey @
i
j=0 min
v [4]
_ (e =1 = eiAl?”i"lizmr <k +1 2 )
- I Ave—1 s bmin
2 = J1A 2 [5]

(’Ye _ 1)| Ye—1 A’Yefl T (] + % —+ %7 (A + 1)[3,”'”)

i1 jTk/2+1/2 ’
2 = I (A +1)dtk/

(6]

where the stepl) is obtained by using the part-by-part 7]
integration technique.

APPENDIXD -
A. The derivation of expectation 6f in (26)

The expectation term in (26) can be computed as [9]

E[7']=E [77’] =7E[ (0. +7)’] mi@) B[ag-]efpr] 0O

=5 (00 + 1o + 0% + piy + 2pupty) (47) 11

where uy, o2, u,, ando?2 are given in (13a), (13b), (27a),

and (27b), receptively. [12]

B. The derivation of variance &f* in (29) [13]

The first expectation term in (29) can be evaluated as

5 5 ~ (4 (4-n)] 1 [gn
]E[R“] :E[(au +Y)4] = ;::0 <n>E[au4 ]E[Y ] . (48)
Thus, thenth moment of !’ denoted byE[a”] can be
computed as

[14]

[15]

[16]
Elag] = / x" fu(x)dz (49) 7
0
2’”’741,”1u i 2mqy+n—1 7m“22 [18]
= o e &tu dx
e
& [19]
= e ' (my +n/2),
F(mu)mﬁ/2 ( /2)

where the steprf) is evaluated by using [17, 2.33.10]. Thenp)
E [}7”} can be derived as

E[Y

N ¥ o _lummy)?
"= \/i/ yne 2oy dy (50)
2102 Jo
) % /ﬂy < 20%,t—|—uy) eftzdt
V2%
(0 ¥ "~ (n 2 n i . QY
Qﬁz_;(z)(\/ o) " e )

where the stepr() is due to a changing of varigble, and the
step ¢) is obtained by expandiné\/%%t + uy)

based on

n value. Moreover]/ (-, -) is given in (33).
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