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Abstract—In this paper, the feasibility of adopting an intelligent
reflective surface (IRS) in a cell-free wireless communication
system is studied. The received signal-to-noise ratio (SNR) for
this IRS-enabled cell-free set-up is optimized by adjusting phase-
shifts of the passive reflective elements. Then, tight approximations
for the probability density function and the cumulative distri-
bution function for this optimal SNR are derived for Rayleigh
fading. To investigate the performance of this system model,
tight bounds/approximations for the achievable rate and outage
probability are derived in closed form. The impact of discrete
phase-shifts is modeled, and the corresponding detrimental effects
are investigated by deriving an upper bound for the achievable
rate in the presence of phase-shift quantization errors. Monte-
Carlo simulations are used to validate our statistical character-
ization of the optimal SNR, and the corresponding analysis is
used to investigate the performance gains of the proposed system
model. We reveal that IRS-assisted communications can boost the
performance of cell-free wireless architectures.

I. INTRODUCTION

Recently, wireless architectures based on the notion of cell-
free have gained much interest [1], [2]. In a cell-free system
set-up, the cell-boundaries can be relaxed, and thus, a vast
number of access-points (APs) can be spatially distributed to
serve all users with a uniformly better quality-of-service (QoS)
over a much larger geographical region [1], [2]. Moreover,
cell-free set-ups may render spectral/energy efficiency gains,
mitigate impediments caused by spatial-correlated fading in
compact/co-located antenna arrays, and circumvent shadow
fading impairments [1], [2]. Thus, cell-free architecture is a
foundation for practically realizing extremely large antenna
arrays for next-generation wireless standards.

An intelligence reflective surface (IRS) consists of a large
number of passive reflectors, whose reflective coefficients can
be adjusted to attain desired propagation effects for the im-
pinging electromagnetic (EM) waves [3], [4]. The feature of
intelligently adjustable phase-shifts at an IRS can be used to
boost the signal-to-noise ratio (SNR) and to mitigate co-channel
interference at an intended destination through constructive and
destructive signal combining, respectively [5]. This leads to
the notion of recycling of EM waves within a propagation
medium, and thereby, spectral/energy efficiency gains and im-
plementation cost reduction can be realized as IRSs are made
out of low-cost meta-atoms without active radio-frequency (RF)
chains/amplifiers [4].

A. Our motivation

In this paper, we aim to investigate the feasibility of embed-
ding an IRS within a cell-free set-up. Specifically, our objective
is to investigate the performance of an IRS-assisted cell-free

set-up, and thereby, we explore the feasibility of jointly reaping
the aforementioned benefits of cell-free architectures and IRS-
assisted wireless channels. Moreover, to the best of the authors
knowledge, the fundamental performance metrics for an IRS-
assisted cell-free set-up have not yet been reported in open
literature. To this end, we aim to fill this important gap in
IRS literature by presenting a performance analysis for an IRS-
assisted cell-free set-up.

B. A literature survey for cell-free architecture and perfor-
mance analysis of IRS-assisted channels

In [1], [2], the basic concept of cell-free architectures is in-
vestigated, and thereby, the performance metrics are compared
against those of the co-located antenna arrays. The analyses
in [1], [2], [6] reveal that the cell-free set-ups can outperform
the co-located counterparts by serving users with a uniformly
better QoS, minimizing the impediments of spatial-correlation,
and shortening the end-to-end transmission distances to boost
the overall energy/spectral efficiency [1], [2]. Reference [7]
proposes max-min power optimization algorithms for cell-
free massive multiple-input multiple-output (MIMO). In [8],
the performance of cell-free massive MIMO with underlay
spectrum sharing is investigated.

References [3], [4] present core architectural design princi-
ples of IRSs for wireless communications. Ray-tracing tech-
niques are used in [9] to generate a novel path-loss model for
IRS-assisted wireless channels. In [10], joint optimization of
precoder at the base-station (BS) and phase-shifts at the IRS
is studied through semi-definite relaxation and alternative opti-
mization techniques. Reference [5] studies the fundamental per-
formance limits of distributed IRS-assisted end-to-end channels
with Nakagami-m fading channels. In [11], by using the sta-
tistical channel state information (CSI), an optimal phase-shift
design framework is developed to maximize the achievable rates
of IRS-assisted wireless channels. In [12], joint beamforming
and reflecting coefficient designs are investigated for IRSs to
provision physical layer security. Reference [13] proposes a
practical IRS phase-shift adjustment model, and thereby, the
achievable rate is maximized through jointly optimizing the
transmit power and the BS beamformer by using alternative
optimization techniques.

C. Our contribution

In above-referred prior research [5], [10]–[13] for IRS-
assisted communications, a BS with either a single-antenna or a
co-located antenna array is used. Having been inspired by this
gap in IRS/cell-free literature, in this paper, we investigate an
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Fig. 1. System model - IRS-aided cell-free communication set-up

IRS-assisted wireless channel embedded within a cell-free set-
up over Rayleigh fading, and thereby, we present fundamental
performance metrics. To this end, first, we invoke the central
limit theorem (CLT) to tightly approximate the end-to-end op-
timal SNR to facilitate a mathematically tractable probabilistic
characterization. Then, we derive the probability density func-
tion (PDF) and the cumulative density function (CDF) of this
approximated optimal SNR in closed-form. Thereby, we present
a tight approximation to the outage probability. Moreover, we
derive tight upper/lower bounds for the achievable rate. In
particular, we investigate the impediments of discrete phase-
shifts in the presence of phase-shift quantization errors. Finally,
we present a set of rigorous numerical results to explore the
performance gains of the proposed system, and we validate
the accuracy of our analysis through Monte-Carlo simulations.
From our numerical results, we observe that by using an IRS
with controllable phase-shift adjustments, the performance of
cell-free wireless set-ups can be enhanced.
Notation: The transpose of vector y is denoted as yT . The
expectation and variance of a random variable Y are repre-
sented by E[Y ] and Var[Y ], respectively. Y ∼ CN

(
µY , σ

2
Y

)
denotes that Y is complex-valued circularly symmetric Gaus-
sian distributed with µY mean and σ2

Y variance. Moreover,
Cn = {0, 1, · · · , n} and C ′

n = Cn/{0}.

II. SYSTEM, CHANNEL AND SIGNAL MODELS

A. System and channel model

We consider a cell-free communication set-up consisting of
M single-antenna APs (APm for m = 1, · · · ,M ) and a single-
antenna destination (D). An IRS having N passive reflective
elements is embedded within this cell-free set-up as shown in
Fig. 1. For the sake of exposition, we denote the set of APs as
M = {1, · · · ,M} and the set of reflective elements at the IRS
as N = {1, · · · , N}.

The direct link between the mth AP and D is represented
by um, while hmn denotes the channel between the mth AP
and the nth reflective element of the IRS. Moreover, gn is used
to represent the channel between the nth reflective element of
the IRS and D. We model the envelops of all aforementioned
channels to be independent Rayleigh distributed [14], and the
corresponding polar-form of these channels is given by

v = λve
jθv , (1)

where v ∈ {um, hmn, gn} for m ∈ M and n ∈ N . In (1), the
envelop and the phase of v are given by λv and θv, respectively.
The PDF of λv is given by [15]

fλv (x) = (x/ξv) exp
(
−x2/(2ξv)

)
, (2)

where ξv = ζv/2 is the Rayleigh parameter, and ζv captures the
large-scale fading/path-loss of the channel v. Since all reflective
elements are co-located within the IRS, it is assumed that all
large-scale fading parameters are the same.

B. Signal model

The signal transmitted by the mth AP reaches D through the
direct and IRS-assisted reflected channels. Thus, we can write
the signal received at D as

r =
√
P
∑

m∈M

(
um + gTΘhm

)
x+ w, (3)

where x is the transmit signal from S satisfying E
[
|x|2
]
= 1,

P is the transmit power at each AP, and w is an addi-
tive white Gaussian noise (AWGN) at D with zero mean
and variance of σ2

w such that w ∼ CN (0, σ2
w). In (3),

hm = [hm1, · · · , hmn, · · · , hmN ]T ∈ CN×1 is the chan-
nel vector between the mth AP and the IRS. Moreover,
gT = [g1, · · · , gn, · · · , gN ] ∈ C1×N denotes the channel
vector between the IRS and D. The diagonal matrix, Θ =
diag

(
β1e

jθ1 , · · · , βnejθn , · · · , βNejθN
)

∈ CN×N , captures
the reflective properties of the IRS through complex-valued
reflection coefficients βnejθn for n ∈ N , where βn and θn
are the magnitude of attenuation and phase-shift of the nth
reflective element of the IRS, respectively. Thus, we can rewrite
the received signal at D in (3) as

r =
√
P
∑

m∈M

(
um +

∑
n∈N

βngnhmne
jθn
)
x+ w. (4)

Thereby, we derive the SNR at D from (4) as

γ = γ̄
∣∣∣∑

m∈M

(
um +

∑
n∈N

βngnhmne
jθn
)∣∣∣2

= γ̄
∣∣∣∑

m∈M
um+

∑
n∈N

βngn

(∑
m∈M

hmn

)
ejθn

∣∣∣2,(5)

where the average transmit SNR is denoted by γ̄ = P/σ2
w.

Then, we define u =
∑

m∈M um and hn =
∑

m∈M hmn.
Since um and hmn are independent complex Gaussian dis-
tributed for m ∈ M and n ∈ N , the polar-form of u
and hn can be also expressed similar to (1), where λu and
λhn are the envelops of u and hn, respectively. Thus, λu
and λhn are independent Rayleigh distributed with parameters
ξu =

∑
m∈M ζum/2 and ξhn =

∑
m∈M ζhmn/2, respectively.

From (1), we can rewrite the SNR in (5) in terms of the channel
phases as

γ = γ̄
∣∣∣λuejθu +

∑
n∈N

βnλgnλhne
j(θn+θgn+θhn )

∣∣∣2 . (6)

It can be seen from (6) that the received SNR at D can be
maximized by smartly adjusting the phase-shifts at each IRS
reflecting elements (θn). Thus, it enables a constructive addition
of the received signals through the direct channels and IRS-
aided reflected channels [10], [16]. To this end, the optimal
choice of θn is given by θ∗n = argmax

−π≤θn≤π
γ = θu− (θgn + θhn).

Then, we can derive the optimal SNR at D as

γ∗ = γ̄
∣∣∣λu +

∑
n∈N

βnλgnλhn

∣∣∣2 . (7)



III. PRELIMINARIES

In this section, we present a probabilistic characterization
of the optimal received SNR at D in (7). First, we denote
the weighted sum of the product of random variables in (7)
by Y =

∑
n∈N βnλgnλhn . Then, we use the fact that λgn

and λhn for n ∈ N are independently distributed Rayleigh
random variables to tightly approximate Y through an one-
sided Gaussian distributed random variable (Ỹ ) by invoking
the CLT [15] as [5]

fY (y) ≈ fỸ (y) =
ψ√
2πσ2

Y

exp

(
−(y − µY )

2

2σ2
Y

)
, for y ≥ 0, (8)

where ψ , 1/Q (−µY /σY ) is a normalization factor, which
is used to ensure that

∫∞
−∞ fỸ (x)dx = 1, and Q(·) is the

Gaussian-Q function [15]. In (8), µY and σ2
Y are given by

µY =
∑

n∈N
πβn (ξgnξhn)

1/2
/2, (9a)

σ2
Y =

∑
n∈N

β2
nξgnξhn

(
16− π2

)
/4. (9b)

Next, we derive a tight approximation for the PDF of R =
λu + Y as (see Appendix A)

fR(x)≈fR̃(x)=
√
πρ

(
x− µY

2σ2
Y

√
a

)
exp

(
−∆

(
x− µY

2σ2
Y

√
a

)2
)

×
(
erf

(
x− µY

2σ2
Y

√
a

)
+ 1

)
+ ρexp

(
−
(
x− µY

2σ2
Y

)2
)
, (10)

where erf (x) = 2/
√
π
∫ x

0
e−tdt is the error function [17, Eqn.

8.250.1]. Here, a, ρ, and ∆ are given by

a= 1/2ξu + 1/2σ2
Y , ρ = ψ

/(
2aξu

√
2πσ2

Y

)
, (11a)

∆=
(
1− 1/2σ2

Y

)
2σ2

Y a. (11b)

In particular, (10) serves as the exact PDF of R̃ = λu + Ỹ ,
where Ỹ is the one-sided Gaussian approximated random
variable for Y in (7). Then, we derive an approximated PDF
for γ∗ = γ̄R2 as

fγ∗(y)≈ fR̃

(√
y/γ̄

)
× 1
/
2
√
γ̄y. (12)

Specifically, (12) serves as the the exact PDF of γ∗ ≈ γ̃∗ =
γ̄R̃2. From (10), we derive the CDF of R̃ as (see Appendix B)

FR̃(x) = 1−
∫ ∞

x

fR̃(u)du = 1− (Ia + Ib) , (13)

where Ia and Ib are given by

Ia =
λe−∆d (erf (d+ 1))

2∆
+
λ
(
1− erf

(
d
√
∆+ 1

))
2∆

√
∆+ 1

, (14a)

Ib =

√
πσ2

Y

2
ρ
(
1− erf

(√
2σY ad

))
, (14b)

where λ = 2σ2
Y ρ

√
πa, ρ is given in (11a), and d = (x −

µY )/(2σ
2
Y

√
a). From (13), we approximate the CDF of γ∗ =

γ̄R2 as

Fγ∗(y) = Pr (γ∗ ≤ y) ≈ FR̃

(√
y/γ̄

)
. (15)
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Fig. 2. PDF and CDF of SNR (γ∗) for γ̄ = −10dB. The combinations of M
and N for Case 1 to Case 4 are set to {M = 64, N = 32}, {M = 64, N =
64}, {M = 144, N = 64}, and {M = 64, N = 128}.

Remark 1: We plot the approximated PDF and CDF of γ∗

by using the analysis in (12) and (15), respectively, in Fig. 2.
Monte-Carlo simulations are also plotted in the same figure for
various M and N to verify the accuracy of our approximations.
From Fig. 2, we observe that our analytical approximations
for the PDF (12) and CDF (15) of γ∗ are accurate even for
moderately large values for M and N .

IV. PERFORMANCES ANALYSIS

A. Outage probability

An outage event occurs when the optimal received SNR (7)
falls below a threshold SNR (γth). To this end, we define
the the outage probability of the proposed system model as
Pout = Pr (γ ≤ γth). From (15), we can compute the a tight
approximation for the outage probability as Pout ≈ Fγ∗(γth).

B. Average achievable rate

The average achievable rate of the proposed system can be
defined as R = E[log2 (1 + γ∗)]. The exact derivation of this
expectation in R appears mathematically intractable. Thus, we
resort to tight upper/lower bounds for R as Rlb . R . Rub

by invoking the Jensen’s inequality [18]. Next, we derive Rub

as (see Appendix C)

Rub = log2
(
1 + γ̄

(
ξu + σ2

Y + 2µuµY + µ2
u + µ2

Y

))
. (16)

We derive Rlb as given in (17) at the top of the next page.

V. IMPACT OF DISCRETE PHASE-SHIFT ADJUSTMENTS

Due to the hardware limitation, the adoption of continuous
phase-shift adjustments for passive reflective elements at the
IRS is practically challenging. Thus, we investigate the feasi-
bility of adopting discrete phase-shifts for the proposed set-up
via phase-shift quantization. It is assumed that a limited number
of discrete phase-shifts is available to select at the nth reflector
such that θ̂∗n = πς/2B−1, where B denotes the number of
quantization bits, ς = argmin

q∈{0,±1,··· ,±2B−1}
|θ∗n − πq/2B−1|, and

θ∗n is the optimal phase-shift in Section II-B. Then, we can
define the error of the continuous and quantized phase-shifts



Rlb = log2

1 +
γ̄
(
ξu + σ2

Y + 2µuµY + µ2
u + µ2

Y

)3∑
n∈C4

(
4
n

)
(2ξu)

n/2 Γ (n/2 + 1) ψ
2
√
π

∑
i∈Cn

(
n
i

)
(2σ2

Y )
(n−i)/2 µiY I

(
n− i, −µY

2σ2
Y

)
 (17)

R̂ub = log2
(
1 + γ̄

(
ξu + (µY sin(τ))/τ [2µu + (µY sin(τ))/τ ] + 4σ2

Y /(16− π2)
[
4− π2 sin(τ)2/(4τ2)

]))
(19)
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Fig. 3. The outage probability for different M and N and γth = 0 dB. The
combinations of M and N for Case-1 to Case-6 are set to {M = 36, N =
16}, {M = 36, N = 32}, {M = 16, N = 64}, {M = 36, N = 64},
{M = 64, N = 64}, and {M = 36, N = 128}.

as εn = θ∗n− θ̂∗n. For a large number of quantization levels, εn
can shown to be uniformly distributed as εn ∼ U [−τ, τ) with
τ = π/2B [19]. The signal and error εn becomes uncorrelated
for a high number of quantization levels [19]. Thus, the optimal
SNR in (7) can be rewritten with discrete phase-shift as

γ̂∗= γ̄

∣∣∣∣∣λu+∑
n∈N

βnλgnλhne
jεn

∣∣∣∣∣
2

= γ̄
(
(λu+YR)

2+Y 2
I

)
, (18)

where YR =
∑

n∈N βnλgnλhn cos(εn) and YI =∑
n∈N βnλgnλhn sin(εn). By following steps similar to those

in Appendix C, an upper bound for the achievable rate with
phase-shift quantization errors (R̂ub) can be derived by using
(17) as shown in (19).

VI. NUMERICAL RESULTS

The system parameters for our simulations are given below:
ζv = (d0/dv)

κ × 10φv/10 is used to model large-scale fading,
where v ∈ {um, hmn, gn} for m ∈ M and n ∈ N .
The transmission distance between nodes is denoted by dv,
d0 = 1m is a reference distance, the path-loss exponent is
κ = 2.8, and log-normal shadow fading is captured by 10φv/10

with φv ∼ (0, 8) [20]. In our system topology, the IRS and D
are in positioned at fixed locations and 250m apart, while the
APs are uniformly distributed over an area of 1000×1000m2.
The amplitudes of reflection coefficients are set to βn = 0.9
for n ∈ N , which is a typical assumption for IRSs [10], [16].

In Fig. 3, we plot the outage probability as a function of
the average transmit SNR (γ̄) for different combinations of
distributed APs (M) and reflective elements (N) at the IRS.
For comparison purposes, we also plot the outage probability
for the APs-to-D direct transmission (without using an IRS) for

Fig. 4. The average achievable rate for N ∈ {16, 32, 64, 128, 256} and
M = 64.

M = 64 in the same figure. We use our closed-form derivation
in (15) to plot the analytical outage probability approximations,
and we plot the exact counterparts through Monte-Carlo sim-
ulation. The latter is used to verify the accuracy/tightness of
our outage probability approximations. According to Fig. 3, the
tightness of our outage analysis improves with as M or/and N
increase. The reason for this is that large M or/and N improves
the accuracy of CLT. Moreover, the outage probability can be
reduced by either increasing M or/and N . For example, at an
average SNR of −5 dB, the outage probability can be reduced
by 99.9% by doubling N from 16 (Case-1) to 32 (Case-2)
while keeping M = 36. Moreover, by increasing M,N from
{M = 36, N = 32} in Case-2 to {M = 64, N = 64} in Case-
4, the average SNR required to achieve an outage probability of
10−3 can be reduced by 155.6% dB. From Fig. 3, we observe
that the proposed IRS-aided cell-free set-up outperforms the
APs-to-D direct transmission. For instance, the set-up without
IRS needs an average transmit SNR of 18 dB to reach an outage
probability of 10−2, which is about 177.6% increase over the
transmit SNR requirement for the Case-5 with the IRS-aided
set-up for the same number of APs (M = 64). Thus, the co-
existence of IRSs within a cell-free set-up can be beneficial in
reducing the system outage probability.

In Fig. 4, we study the average achievable rate of the
proposed system as a function of the average transmit SNR (γ̄)
for N ∈ {16, 32, 64, 128, 256}. We also compare the achievable
rates of APs-to-D direct transmission and the IRS-aided trans-
mission. The upper and lower bounds for the achievable rates
are plotted by using our analysis in (16) and (17), respectively.
We again validate the accuracy of our analysis through Monte-
Carlo simulations of the exact achievable rate. The tightness
of our upper/lower rate bounds is clearly depicted in enlarged
portion of Fig. 4. We observe that the rate gains can be achieved



Fig. 5. The impact of discrete phase-shifts with phase-shift quantization on the
average achievable rate for different M and N . The combinations of M and
N for Case-1 to Case-4 are set to {M = 36, N = 32}, {M = 64, N = 32},
{M = 36, N = 64}, and {M = 64, N = 64}.

by increasing the number of reflective elements in the IRS. Fig.
4 also illustrates that an IRS can be embedded within a cell-free
set-up to boost the achievable gains. For instance, an IRS with
N = 16 provides a rate gain of about 180% compared to the
APs-to-D transmission without an IRS at an average transmit
SNR of 0 dB.

In Fig. 5, we investigate the impact of discrete phase-
shifts and the number of quantization bits (B) by plotting the
percentage rate ratio (Rper

ub ) against the average transmit SNR
for different combinations of M and N . The phase-shift quanti-
zation errors are uniformly distributed: U

[
−π/2B , π/2B

)
. The

percentage rate ratio is defined as follows: Rper
ub = R̂ub/Rub×

100%, where R̂ub and Rub are the upper bounds of the average
achievable rate with and without phase-shift quantization errors
given in (19) and (16), respectively. Monte-Carlo simulation
curves are also generated to validate our analysis. Fig. 5 shows
that the impact of phase-shift quantization errors vanishes when
a higher B is used. For instance, we can recover more than
98% of the average rate when 4 bit quantization is used at
the IRS compared to the system with continuous phase-shift
adjustments. As per Fig. 5, Rper

ub improves in the high SNR
regime. For example, by varying B as 1, 2, and 4 bits, the
average rate can be recovered more than 90%, 98%, and
almost 100%, respectively, at a transmit SNR of 20 dB. Fig.
5 shows that a higher number of M,N is also beneficial for
recovering the achievable rate in the moderate-to-large transmit
SNR regime.

VII. CONCLUSION

In this paper, the feasibility of adopting an IRS embedded
within a cell-free set-up has been explored. The optimal re-
ceived SNR through multiple distributed APs with an IRS-
aided channel has been statistically characterized by deriving
the tight PDF and CDF approximations. This probabilistic SNR
analysis has been used to derive tight approximations/bounds
for the outage probability and the average achievable rate in
closed-form. The impairments of discrete phase-shifts with

equalization errors have been explored. The accuracy of our
performance analysis of the proposed system set-up has been
verified by providing Monte-Carlo simulations. We observe
from our numerical results that IRS-aided cell-free system set-
ups may be used to reduce the outage probability and boost the
achievable rates of next-generation wireless systems.

APPENDIX A
THE DERIVATION OF PDF OF R̃ IN (10)

By using the fact that λu and Ỹ are independent random
variables, we derive the PDF of R̃ as

fR̃(x) =

∫ ∞

0

fu(u)fỸ (x− u)du (19)

= 2aρe
− (x−µY )2

2σ2
Y

∫ ∞

0

ue−au2+budu

= 2aρe
− (x−µY )2

2σ2
Y e

b2

4a

∫ ∞

0

ue−a(u− b
2a )

2

du

(a)
= 2aρe

− (x−µY )2

2σ2
Y e

b2

4a


∫ ∞

−b/2a

te−at2dt︸ ︷︷ ︸
I1

+
b

2a

∫ ∞

−b/2a

e−at2dt︸ ︷︷ ︸
I2

 ,

where b = (x − µY )/σ
2
Y . The step (a) is obtained by letting

t = u− b/2a. Then, we can evaluate I1 in (19) as

I1 =

∫ ∞

−b/2a

te−at2dt
(b)
=
[
−e−at2/2a

]∞
−b/2a

= e−b2/2a, (20)

where the step (b) is computed by using [17, Eqn. 2.33.12].
Next, we evaluate I2 as

I2 =

∫ ∞

−b/2a

e−at2dt
(c)
=

[√
πerf (

√
at)

2
√
a

]∞
−b/2a

=

√
π

2
√
a

(
1− erf

(
−b
2
√
a

))
, (21)

where the step (c) is due to [17, Eqn. 2.33.16]. We substitute
(20) and (21) into (19) to obtain the PDF of R̃ in (10).

APPENDIX B
THE DERIVATION OF CDF OF R̃ IN (13)

We substitute (10) into (13) to derive Ia as

Ia =
√
πρ

∫ ∞

x

(
u− µY

2σ2
Y

√
a

)
e
−∆

(
u−µY
2σ2

Y

√
a

)2(
erf

(
u− µY

2σ2
Y

√
a

)
+1

)
du

(d)
= λ

∫ ∞

d

texp
(
−∆t2

)
(erf (t) + 1) dt

(e)
= λ

[
−e−∆t2(erf (t) + 1)

2∆

]∞
d

+ λ

∫ ∞

d

e−t2(∆+1)

2∆
dt

(f)
=
λe−∆d (erf (d+ 1))

2∆
+
λ
(
1− erf

(
d
√
∆+ 1

))
2∆

√
∆+ 1

, (22)

where λ = 2σ2
Y ρ

√
πa and d = (x − µY )/(2σ

2
Y

√
a). The step

(d) is obtained by through t = (u−µY )/2σ
2
Y

√
a. The step (e)



is written by invoking part-by-part integration, while the step
(f) is due to [17, Eqn. 2.33.16]. Next, we compute Ib as

Ib = ρ

∫ ∞

x

e
−
(

u−µY
2σ2

Y

)2

du
(g)
=
√
2σ2

Y ρ

∫ ∞

√
2σY ad

e−t2dt

(h)
=

√
πσ2

Y

2
ρ
(
1− erf

(√
2σY ad

))
, (23)

where the step (g) is due to a changing of dummy variable as
t = (u − µY )/(2σ

2
Y ), and the step (h) is resulted due to [17,

Eqn. 2.33.16].

APPENDIX C
THE DERIVATION OF Rlb AND Rub IN (17) AND (16)

First, by invoking Jensen’s inequality, Rlb and Rub can be
defined as

Rlb = log2

(
1 + (E[1/γ̃∗])−1

)
, (24a)

Rub = log2 (1 + E[γ̃∗]) . (24b)

Then, we evaluate the expectation term in (24b) as

E[γ̃∗] =E
[
γ̄R̃2

]
= γ̄E

[
(λu + Ỹ )2

]
= γ̄

∑
n∈C2

(
2

n

)
E
[
λ(2−n)
u

]
E
[
Ỹ n
]

= γ̄
(
ξu + µ2

u + σ2
Y + µ2

Y + 2µuµY

)
, (25)

where µu =
√
πξu/2. Moreover, µY and σ2

Y are given in (9a)
and (9b), receptively. By substituting (25) into (24b), Rub can
be computed as (16). Next, we can write the expectation term
in (24a) as

E[1/γ̃∗] = 1/E[γ̃∗] + Var[γ̃∗]/(E[γ̃∗])3, (26)

where E[γ̃∗] is defined in (25) and Var[γ̃∗] = γ̄2E
[
R̃4
]
−

(E[γ̃∗])2. Then, we can compute E
[
R̃4
]

as follows:

E
[
R̃4
]
=E

[
(λu + Ỹ )4

]
=
∑
n∈C4

(
4

n

)
E
[
λ(4−n)
u

]
E
[
Ỹ n
]
, (27)

where the nth moment of λnu is denoted by E[λnu]. We compute
E[λnu] as

E[λnu] =
∫ ∞

0

xnfu(x)dx =

∫ ∞

0

xn+1

ξu
exp

(
− x2

2ξu

)
dx

(i)
= (2ξu)

n/2
Γ (n/2 + 1) , (28)

where the step (m) is evaluated from [17, Eqn. 2.33.10] and
Γ(t) =

∫∞
0
xte−xdx is the Gamma function [17, Eqn. 8.310.1].

Then, we evaluate E
[
Ỹ n
]

for n ∈ C ′
4 as

E
[
Ỹ n
]
=

ψ√
2πσ2

Y

∫ ∞

0

yne
− (y−µY )2

2σ2
Y dy (29)

(j)
=

ψ√
π

∫ ∞

−µY /
√

2σ2
Y

(√
2σ2

Y t+ µY

)n

e−t2dt

(k)
=

ψ

2
√
π

∑
i∈Cn

(
n

i

)(
2σ2

Y

)n−i
2 µi

Y I

(
n−i, −µY

2σ2
Y

)
,

where the step (j) is due to a changing of the dummy variable,
the step (k) is obtained by expanding

(√
2σ2

Y t+µY

)n
based on

n value. Moreover, I(·, ·) is given as

I(m, t)=

{
(−1)mγ

(
m+1
2 , t2

)
+ Γ

(
m+1
2

)
, for t ≤ 0,

Γ
(
m+1
2 , t2

)
, otherwise,

(30)

where γ(λ, x) =
∫ x

0
e−ttλ−1dt is the lower incomplete Gamma

function [17, Eqn. 8.350.1]. Finally, Rlb is derived as (17).
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